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ABSTRACT 

This paper presents the reliability and 

MTTF analysis of a two-state complex with 

repairable system, consisting of two sub-

systems A and two sub-systems B arranged 

in series, incorporating the concept of 

hardware failures. Laplace transforms of 

the various state probabilities have been 

derived and then reliability of the complex 

system, at any time t, has been computed by 

inversion process. MTTF has also been 

evaluated; availability and steady-state 

availability for system are derived. The 

failure times of operating units and repair 

time of failed units are exponential 

distributed. Certain important results have 

been evaluated as special cases. Also, few 

graphical illustrations are also given at the 

end to high-light the important results. 

Cite this article. AL-Esayeh E. Probabilistic Analysis of Different Redundant Complex System with Reper for the Unites. Alq J 

Med App Sci. 2024;7(4):1280-1289. https://doi.org/10.54361/ajmas.247454    

 

INTRODUCTION 
Earlier researchers [1-3] have studied the reliability and MTTF for various complex equipment’s, keeping in view the 

concept of human and hardware failure [1-3]. Previous study reported the reliability and MTTF analysis of non-

repairable parallel redundant complex system under hardware and human failures [4]. Other researchers had studied the 

human error and partial hardware failure modeling of parallel and standby redundant system [5]. Also, previous 

researchers had studied the stochastic analysis of a compound redundant system involving human failure as a matter-

of-fact human failure is defined as a failure to perform a prescribed task which could result in damage to the equipment 

and property [6].  

There exist a number of causes for human error; e.g., lack of good job environments, poor training or skill of the 

operating personnel and so on. On the other hand, hardware failure occurs due to flaws in design, poor quality control, 

poor maintenance, etc. This type of study can be found in reference. In this paper; the authors have considered a 

repairable complex system consisting of two subsystems A and B. The subsystem A has a two-unit active parallel system 

whereas the subsystem B hast unit alone. The two subsystems are arranged in series. Both the units of subsystem A 

suffer two types of failure viz; hardware and human whereas subsystem B suffers only one type of failure. With the aid 

of Laplace transforms of the various state probabilities have been derived and then reliability is obtained by inversion 

process. Moreover, an important parameter of reliability, i.e., MTTF (mean time to failure), system availability and 

steady-state availability are derived. The failure times of operating units and repair time of failed units are exponential 

distributed. The effects of additional repair in this system performance are shown in tables and graphically. 

This paper presents the mean time to system failure, pointwise availability of the system at time t and steady state 

availability and point wise reliability of the system at time t and steady state availability. In this system the following 

assumptions and notations are used to analyze the system. Initially, the system is in good state, the system has two states, 

viz; good and failed, a failed unit can be repaired, Hardware failures for all the units are also constant, Failures are 

statistically independent, two units connected in parallel redundancy suffer two types of failures, namely constant 

hardware failure and in the complex system, only one change can take place in the state of the system at any time. 
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Notations 

 

( )P ti  

probability that the system is in state iS  at any time t,  

for i=0, 1,2,…, 10 

s  Laplace-transform variable, 

( )F s  Laplace-transform of ( )F t , 

A
  the constant hardware failure rate of a unit of sub-system A, 

B
  the constant hardware failure rate of sub-system B, 

A
  the constant repair rate from hardware failure of a unit for the 

 sub-system A, 

B
  the constant repair rate of sub-system B. 

 

      the constant hardware failure rate of a unit of sub-system A when 

the second unit has already failed, 

 

     the constant hardware failure rate of a unit of sub-system B when 

the second unit has already failed, 

 

Stochastic behavior of the system 

 
Figure 1. The states of the system 
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SYSTEM RELIABILITY 

         The system reliability ( )R t  is the probability of failure-free operation of the system in (0, t]. To derive an 

expression for the reliability of the system, we restrict the transitions of the Markov process to the up states, viz. 

0 1,S S ,and 2 3 4, ,S S S .Using the figure (1); we derive the following differential equations: 

 

0
0 1 2

( )
(2 2 ) ( ) ( ) ( ),A B A B

dp t
p t p t p t

dt
   + + = +  

( )

( )
( ) ( ) ( ) ( )1

1 0 42 2 p ,A B A A B

dp t
p t p t t

d t
    + + + = +  

( )
( ) ( ) ( ) ( )2

2 0 32 2 ,A B B B A

dP t
P t p t P t

dt
    + + + = +  

( )
( ) ( ) ( )3

3 12 ,A B A B

dp t
p t p t

dt
   + + + =  

 
( )

( )
( ) ( ) ( )4

4 22 ,B A B A

dp t
p t p t

d t
   + + + =                                       

(1-5) 

                                                                                                                                     

   Using initial conditions, ( ) ( )0 0 1, 0 0iP P= = , where 1,2i = ,3,4. Taking Laplace transforms, of the equations (1-5), we 

get  

 

where,       O = unit in the operative mode, 

                  F =  unit in the total hardware failure mode, 

                UR = unit is under repair    

WR = unit is waiting repair   
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Now taking inverse Laplace transforms of equations(6-10), we get 
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       were, ( ) ( )1 2, ,A B A A B Bx x     = + + = + +  

( )3 2A B Ax   = + +  and. ( )4 2 A B Bx   = + + , 

 

Then the system reliability is given by 

( ) ( ) ( ) ( ) ( ) ( )0 1 2 3 4 ,R t p t p t p t p t p t= + + + +                 

( )( ) ( )

( )( ) ( )

5

1

5

1,

[4 2 2 2 2

]*4 2 / i

a b a a b b a b i a i i a b b i i

i

s t

i rr r ii a b i b i

B D A B D

s s eC B D

           

  

=

= 

+ − + + + +

−

=

+ + +





  (12)  

  where, ( ) ( ) ( ) ( )1 2 3 4, , ,i i i i i i i iA S x B S x C S x D S x= + = + = + = +  
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1 2,s s   and 3s , 4s  are roots of the polynomial of the expand the determinant for the following matrix:  

 

( )
( )

( )
( )

( )

2 2 0 0

2 2 0 0

2 0 2 0

2 0 0 0

2 0 0 0

S a b a b

Sa b a a b

Sb a b b a

Sb a b a

Sa b a b

   

    

    

   

   

 + +
 

− + + + − 
 − + + + −
 

− + + + 
 

− + + + 

 

 

 

MEAN TIME TO SYSTEM FAILURE  

The Laplace transform of the reliability of the system is given by: 

      ( ) ( ) ( ) ( ) ( ) ( )0 1 2 3 4
R s P s P s P s P s P s= + + + +  

( )
( )( ) ( ) ( )( )( )

( )

4 2 2 2 2 4 2

5

1

S
B D A BD C B Da a a a a a ab b b b b b b b

s sr
r

R
              + − + + + + + +

=

−
=

  (13) 

  Where,        ( ) ( ) ( ) ( )1 2 3 4, , ,A S x B S x C S x D S x= + = + = + = +  

 

 

 

 

The mean time to failure of the system is given by: 

MTTF= lim
𝑆→0

𝑅(𝑆)

( )( )( )
( ) ( )( )( )

( )( )( ) ( )

( )( )

2

1 2 3 4 1

2 1 1 2

2 2

2

2

2 1 4 3 3

4 2 2 2 4

2 2 4 4 2 2

2 4 2 2 / 4 2 2

4 2 2 2

A B A B A B A BB A B

B A B A B A B A A BA B B B

B A B A A B A B A B B A B BB B A A B

A B A A B BB A



 

  

              

                

                  

           

− + − + + −

+ + + + + − − − −

− − + − − − − + + +

+ − + − + + −

−

( )B


(14) 

SYSTEM AVAI LABILITY 

The system availability is the probability that the system operates within the tolerances at a given instant of time and is 

obtained as follows:  

0
0 1 3

( )
(2 2 ) ( ) ( ) ( ),A B A B

dp t
p t p t p t

dt
   + + = +     

( )

( )
( ) ( ) ( ) ( ) ( )1

1 0 7 42 2 ,A B A A A B

dp t
p t p t p t p t

d t
     + + + = + +  

( )
( ) ( ) ( ) ( ) ( )2

2 0 3 102 2B A B B A B

dp t
P t P t P t P t

dt
     + + + = + + , 

               

  
( )

( ) ( ) ( ) ( )3

3 1 52 ,A B A B B

dP t
P t P t P t

dt
    + + + = +                                                                                                                                            

( )
( ) ( ) ( ) ( )4

4 2 82 ,B A B A A

dP t
P t P t P t

dt
    + + + = +      

  
( )

( ) ( ) ( )5

5 4 ,B B

dP t
P t P t

dt
 + =                                                                                                                      

( )
( ) ( )6

6 4 ,B A

dP t
P t P t

dt
 + =                                                      
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( )

( ) ( ) ( )7

7 1 6 ,A A B

dP t
P t P t P t

dt
  + = +   

( )
( ) ( )8

8 3 ,A A

dP t
P t P t

dt
 + =  

( )
( ) ( )9

9 3 ,A B

dP t
P t P t

dt
 + =  

( )
( ) ( ) ( )10

10 2 9 ,B B A

dP t
P t P t P t

dt
  + = +  

(15-25) 

Using initial conditions, ( ) ( )0 0 1, 0 0iP P= = , where 1,2i = ,..,10. Taking Laplace transforms, of the equations (15-

25) and determinant for the following matrix, 

 

[

𝑠 + 𝑥1 −μa −μb 0 0 0 0 0 0 0 0
−2λa 𝑠 + 𝑥2 0 0 −μb 0 0 −μa 0 0 0
−2λb 0 𝑠 + x3 −μa 0 0 0 0 0 0 −μb
0 −2λb 0 𝑠 + x4 0 −μb 0 0 0 0 0
0 0 −2λa 0 𝑠 + x5 0 0 0 −μa 0 0
0 0 0 0 −𝛽λb 𝑠 + μb 0 0 0 0 0
0 0 0 0 −𝛼λa 0 𝑠 + μb 0 0 0 0
0 −𝛼λa 0 0 0 0 −μb 𝑠 + μa 0 0 0
0 0 0 −𝛼λa 0 0 0 0 𝑠 + μa 0 0
0 0 0 −𝛽λb 0 0 0 0 0 𝑠 + μa 0
0 0 −𝛽λb 0 0 0 0 0 0 −μa 𝑠 + μb

 

 

 

where 

)2(2 ABAx  ++=     )22(1 BAx  += 

)(5 BABx  ++=     )(4 BAAx  ++= )2(3 BABx  ++=  

 Now taking inverse Laplace transforms of Equations )(),(),(),( 3210 sPsPsPsP  and )(4 sP in the matrix 

 

Since 0 1,S S  32 , SS    and 4S correspond to system up-states, the system availability is given by 

  

)()()()()()( 43210 tPtPtPtPtPtAV ++++=  

 

Behavior of the system from the graphs 

Figure (2-4) demonstrate the following results which are only to be expected. 

As both the time for taking a unit     and B increases: 

1-the mean time to system failure with two sup system A and B increases. 

Figure (5) show that the present of additional  lead to improve the values of the mean time to system failure are 

increases by using two sup system A and B increases as shown from their behaviors when plotted against    . 

Figure (6-7) demonstrate the following results which are only to be expected. 

As both the time for taking a unit     and B increases: 

1-the mean time to system failure with two sup system A and B increases. 

Figure (8) show that the present of additional  lead to improve the values of the steady state availability are increases 

by using two sup system A and B increases as shown from their behaviors when plotted against    . 
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Figure 2. Behavior of the mean time to system failure w.r.t(
B ) 

i.e.( 1,02.0,9.0 =====  ABA
) 

 

 

Figure 3. Behavior of the mean time to system failure w.r.t( B ) 

i.e.( 5.1,1,02.0,9.0 =====  ABA
) 

 

Figure 4. Behavior of the mean time to system failure w.r.t( B ) 

i.e.( 2,1,02.0,9.0 =====  ABA ) 
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Figure 5. Behavior of the mean time to system failure w.r.t( B ) 

i.e.( 2,5.1,1,1,02.0,9.0 =======  ABA
) 

 

 

Figure 6. Behavior of the mean time to system failure w.r.t( B ) 

i.e.( 1,1,02.0,9.0 =====  ABA ) 

 

 

Figure 7. Behavior of the mean time to system failure w.r.t( B ) 

i.e.( 5.1,1,02.0,9.0 =====  ABA ) 
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Figure 8. Behavior of the mean time to system failure w.r.t( B ) 

i.e.( 5.1,1,1,02.0,9.0 ======  ABA
) 
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التحليل الاحتمالي لنظام مكون من تركيبة متكررة للوحدات المختلفة الموصلة القابلة  

 للإصلاح

 السايحنتصار إ

 ، ليبيا العزيزية، والتقنية المعهد العالي للعلوم 

 

 المستخلص

 (A,B) نرغب من هذه الدراسةةة يريقة للولةةوى الل ادلل ترااص الةةةنظية لنبام لإالاح لكلةةنن محوت من وظد ين

محونة من وظتين ازيتين مولةلتين دلل التواي  لح منهما  تعر    A متماثلتين مولةلتين دلل التوالي عدلما ات الوظد 

 تحوت من وظد ين مولةلتين دلل التواي  لح منهما  تعر    B الخطأ )خطأ لاشةر  خخطأ اللةوولذل  الوظد لنودين من 

لنودين من الخطأ )خطأ لاشةر  خخطأ اللةوومن لاعد ادتمات الرسةا البياني لهذا النبام نواوى اسةتنتال المعاتلص التلاةةلية  

ا الوةةوى دلل الدالة الظتمالية  واظتماى  عر  النبام لخطأ اللة النتقالية وثا ظح هذه المعاتلة لااسةتخدام المةةلوتاص ث

لليا ع ولاادتبار معدى اللشةةةح والتةةةةلي    B لليا او تشةةةح الوظد  A دلما لاات النبام يتولإف دن العمح دند تشةةةح الوظد 

معدى اللشةح والنلادية  للوظد ين متغيراص دشةوايية يتبعات التويي  السةي البالاو ونواوى الولةوى الي ظ ةاع العنلإة لاين  

 A خنى الزمن و مبيح ذل  لايانياع لذل  ظ ةةاع العنلإة لاين اظتماى تشةةح النبام النا   من خطأ اللة ومعدى تشةةح الوظد 
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