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Abstract

Confidence regions for binomial distributions are widely used in practical research. Extensive
application has interested many statisticians in improving new methods for constructing these
regions in asymptotic and exact ways. This research primarily aims to construct confidence ellipses
for parameters p and m of the binomial distribution Bin(m,p) using a sample of fixed size n in the
method of moments estimators. Although the conventional method of moments estimators for p and
m are well-established and straightforward to derive, their denominators can reach zero with positive
probabilities. This study introduces modified estimators to effectively address this issue. By using
the asymptotic normality of the joint distribution of both the conventional and modified estimators,
we examine the quadratic forms of these estimators that follow a chi-square distribution, enabling
the construction of simultaneous confidence regions (ellipses) for the parameters p and m. The
method of moments estimators for binomial parameters p and m are found to be approximately
normal, which allows for confidence regions to be constructed based on the chi-square distribution.
Presenting modified estimators to handle zero-denominator issues ensures robust and reliable
inferences. The theoretical side of the confidence region results show the effectiveness of binomial
parameters p and m using modified estimators, solving the limitations of conventional approaches.
This method provides a powerful framework for statistical inference, relying on asymptotic normality
and a chi-square distribution. This method provides a powerful framework for statistical inference
because it depends on asymptotic normality and the chi-square distribution.
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Introduction

Binomial distribution is one of the most essential discrete probability distributions in statistics and is
defined as Bin(m,p), where m denotes the trial number and p is the probability of success in each trial [1].
It is commonly applied in statistical processes, such as quality control, where it is used as a model of the
number of detective objects in a group [2].

Binomial distribution of confidence regions is commonly utilized in practical research. Many statisticians
have become interested in improving new methods for constructing these regions in both asymptotic and
exact locations owing to their extensive use [3]. Some studies have used many discrete probability
distributions to explore and understand the confidence regions and asymptotic properties of estimators with
different methods for specific sample sizes. Nkingi and Vrbik studied the moments estimator’s method and
central limit theorem for building confidence regions for unknown parameters of the negative binomial
distribution. Their new method creates two confidence regions for negative binomial and Poisson
distributions [4]. Beal developed a new interval method for asymptotic confidence of small samples in the
difference between the parameters of the binomial distribution [5]. In addition, Chafai and Concordet
proposed a new method of confidence regions for multinomial parameters with small sample sizes to
compute any outcome number [6].

The efficiency of estimates is evaluated against the maximum likelihood for truncated binomial distributions
using the asymptotic variance of moments estimates method for truncated binomial and negative binomial
distributions by Shah [7]. Furthermore, Brown et al. compared the coverage characteristics and estimated
the lengths of different confidence interval methods of binomial proportions. The study found that the
Agresti-Coull interval has the longest expected length, whereas the other has a shorter interval method [8].
The main purpose of this research is to build the theoretical considerations of confidence regions for the
binomial distribution parameters p and m by applying the moment estimator method. In particular, we
address the problem of zero denominators by presenting adjusted estimators that remain definite for all
different sample sizes. These estimators, denoted as p, and i, , are designed to converge the proper
parameters when increasing the sample size n, to avoid unreliability related to conventional estimators.
Using the normal asymptotic of the joint distribution of the estimators, we obtain the quadratic forms that
distribute a chi-square formula, allowing the structure of simultaneous confidence regions (ellipses) for p
and m. This research primarily aims to construct confidence ellipses for parameters p and m of the binomial distribution
Bin(m,p) using a sample of fixed size n in the method of moments estimators.
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Methods
This section shows the moments estimation methods and confidence religions of binomial distribution as
follows:
We consider the binomial distribution as Bin(m, p), where m is the number of trials (a positive integer),
whereas p is the probability of success of a single trial, O < p < 1. The probability mass function for a random
variable Z, following a binomial distribution, is defined as:

PZ=K = (D)pr*A-p™* k=0,12,..,m
The first statistical inference related to the binomial distribution was presented in 1941 by
Haldane[9]. According to [9], the estimators of parameters can be evaluated using the method of moment
estimation. We refer to [11] and [10] for a detailed discussion of the literature about the statistical inference
for the binomial distribution. In this article, we give the confidence regions that provide a whole set of
parameters that simultaneously may be true with the confidencel — a.

Methods of Moments Estimation
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Z==%¥k=1 Zx and S?=— Y0, (Zx—2)*

Are the sample mean and sample variance. It is well known that the method of moments estimators of

parameters p and m by the method of moments are:
. Z-52 ~ z%-s2

Prn=—F5— and m, = =
See for example [11] and (10). Note that the denominator of the statistic can obtain a zero value with positive

probability. Because the mean values and the variances do not exist for the method of moment estimators
P, and m,, modified estimators are introduced as:

Z-52 ~ 72-52
and m, =<
Z-S2+ep

Pn = Z+en
Where €, — 0 as n — . For the remainder of this work, the sequence ¢, =% will be used as it meets the
convergence criteria.

With the help of the famous delta method, it was derived in [11] and [10] that the random vector Vn(p, —
p, M, —m)TConverges in distribution is to the normal distribution with the mean vector (0, 0)T and the

covariance matrix
2
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Where g2 = @) 52 mAople o, /aan with @ = 2(1 — p)(m — 1)
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Also, the Vn(p, — p, M, —m)"T has the same asymptotic behavior.

Confidence Region

The following result that connects the normal and chi-square distribution is well known, see [9] for example.
Suppose Y = (Y, Vs, ..., ¥)T is a random vector that follows a normal distribution with the mean A=
(A4, 25, ..., A)T and covariance matrix X. Then,

A= — ATzt (Y — 1) follows a chi-square distribution with n degrees of freedom.

In this article, we are dealing with the two-parameter binomial distribution. Therefore,

the value of k = 2. This means that the mean vector A = (p — m)” and the covariance matrix Y=

2
( o} po, am>
5 )
POyOm Om

The inverse matrix £~ can be evaluated as follows:

1 —p
- _£ m —p
1 02 0,0 1
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Now we present the formula required for evaluating the confidence regions for the parameters of the binomial
distribution. The chi-square distribution with two degrees of freedom defines the statistics; we can state the
confidence regions mathematically as follows:

ZZom)=Z-D"T(Z -1
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In the case of the modified estimators, we can simply replace the estimators. p and m with the modified
estimators p and .

Result and Discussion

The principal hypothetical result is the asymptotic normality of the moment estimator approach of p, and
M, In particular, with a random vector Vn(p, — p, i, — m)”. Converge to a bivariate normal distribution with
a covariance matrix ¥ [12][11]. Additionally, adjusted estimators addressed zero denominator problems, and
modified estimators p,, and M, were presented, maintaining an approximately normal distribution and
confirming robustness [10]. In addition, confidence regions with the chi-square distribution and confidence
ellipses for two parameters p and m are derived through precise expressions for the inverse covariance
matrix £~1 assisting the applied computation. Similarly, hypothetical contributions expand the work of [9],
proposing a strong background for estimating and understanding binomial parameters.

Conclusion

An asymptotic analysis provides a challenging foundation for constructing regions for binomial distribution
parameters p and m. The procedure of modified estimators addresses a significant limitation of the
conventional method of moments estimators, however, is that the asymptotic normality and chi-square
distribution theoretical findings confirm that the confidence regions are effective and reliable. These
theoretical results expand the existing literature on the estimation of binomial parameters and offer a strong
structure for statistical inference in applications in which conventional methods may be unpredictable.

Conflict of interest. Nil

References

1. America C, Walker S, Spohn C, Delone M, Meier H. Copyright 2009 Cengage Learning, Inc. All Rights Reserved.
2018. 333-337 p.

2. Douglas C.Montgomery. Introduction to Statistical Quality Control. Seventh Ed.

3. Tebbs JM, Roths SA. New large-sample confidence intervals for a linear combination of binomial proportions.
2008;138:1884-93.

4. Nkingi E, Vrbik J. Confidence Regions for Parameters of Negative Binomial Distribution. 2016;1-16. Available
from: http://arxiv.org/abs/1612.08113

5. Beal SL. Asymptotic Confidence Intervals for the Difference between Two Binomial Parameters for Use with
Small Samples. Biometrics. 1987;43(4):941.

6. Chafai D, Concordet D. Confidence regions for the multinomial parameter with small sample size. J Am Stat
Assoc. 2009;104(487):1071-9.

7. Shah SM. The Asymptotic Variances of Method of Moments Estimates of the Parameters of the Truncated
Binomial and Negative Binomial Distributions. J Am Stat Assoc. 1961;56(296):990-4.

8. Lawrence D. Brown, T. Cai AD. Confidence intervals for a binomial proportion and asymptotic expansions 1.
Ann Stat. 2002;30(1):160-201.

9. J. B. S. Haldane. The fitting of binomial distributions. Ann Eugen. 1941;11(1):179-81.

10. Saad S, Hossain S, Volodin A. Asymptotic analysis of the method of moments estimators of both parameters for
the binomial distribution: Theoretical part. Thail Stat. 2021;19(1):43-58.

11. S. Saad, Asymptotic analysis of method of moment estimators of parameters p and m for the binomial
distribution. (PhD Thesis, University of Regina, 2019).

12. Holmes SP, Lehmann EL. Elements of Large-Sample Theory. Vol. 95, Journal of the American Statistical
Association. 2000. 328 p.

Copyright Author (s) 2025. Distributed under Creative Commons CC-BY 4.0
Received: 18-12-2024 - Accepted: 12-02-2025 - Published: 16-02-2025 317


https://doi.org/10.54361/ajmas.258145

Algalam Journal of Medical and Applied Sciences. 2025;8(1):315-318
https://doi.org/10.54361 /ajmas.258145

oolziuwall
128)] plain] guwlgdl gl ;U1 184 . dosl Cazdl (b gaulg Glni oo uasdl dlis iley joill daill gblio e
oIl JoVl plaall (6 Cuml 3y o2y 484534 dyylin oy Gholiadl 0ia el 83yazdl cdlwll sy uibasVl oo
day b o N Cul px> OIS due plaxiwl Bin(m,p) oozl (W gujgild m g p Oledsel) daill 4 glow blai cly
ol V] dbliiiwll 6 8rilog d&uvly M g p J pgiell Slysaid) dulail diyyhall ol o peyll (e pgjell Sl
s JSuiy @dSined] 0a dxdleal dase Glyadi dwlyl 038 padi . duzge Vlaisl yauall Gl Juad o (Say lgilelio
JBaVI jaxdi @amally dGadail Olysdadl g JS) yiditall @138l wylaall eubll gjgill plaziwl JU5 oo
m. g p Sledzall (4 9law blal) disliio ddf gbolio cliy auis loo (515 Riyo R2joi RUG (il Oladidl 0ig) dusuy,ill
&uisd wle 2l 487 ghblio clitily momy oo Wiy 485 &sub m g p dulitll Slloleall Olbaalll 185 & b ol Gu 28]
izl yglh) da8gig0g 498 HVVAIWI auay $iauall pliall SMSuie 2o Jolsill jiime ()ibe @387 ol gl 210
sl bVl 3gu8 Jog «piame G ydie plaziwl m g p ouslidl Guleleall ddles @il ddlnie ailil ool
0ia 1655 .6lS giye &ujoig wliall el gy il e slaicll «(ibas)l JVaiwll Ggs b &) ,all oia jo45

1S R1ye &1 jsis wyliall eudnll gy 5aill (e saini lgill (losVl JYaiwll gé U] day ynll

Copyright Author (s) 2025. Distributed under Creative Commons CC-BY 4.0
Received: 18-12-2024 - Accepted: 12-02-2025 - Published: 16-02-2025 318


https://doi.org/10.54361/ajmas.258145

