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INTRODUCTION

Optimization is a branch of mathematics that deals with finding the best solutions to various problems, such as
minimizing costs, maximizing profits, or allocating resources. Optimization problems arise in many fields of science,
engineering, economics, and machine learning [1]. One of the challenges of optimization is dealing with nonlinear
problems, where the objective function or constraints are not linear functions of the decision variables [2]. Nonlinear
problems are often more realistic and complex than linear ones, but they also pose difficulties in finding and
characterizing optimal solutions. A powerful tool to solve non-linear optimization problems is the implicit function
theorem, which provides conditions under which the first-order optimality conditions define an implicit function for
each element of the optimal vector of decision variables [3,4].

The implicit function theorem allows us to use calculus techniques to analyze and compare optimal solutions, as well
as to derive comparative statics results [5]. However, the implicit function theorem is not widely known or used by
optimization practitioners and researchers, and its connections with other theories and methods in optimization are not
well explored [6]. The main objective of this article is to fill this gap by presenting and discussing the implicit function
theorem and its applications to optimization problems. We aim to show how the implicit function theorem helps solve
nonlinear optimization problems, and how it relates to other theories in the same field, such as non-smooth implicit
differentiation, algebraic functions, and inverse functions. The remainder of the paper is organized as follows. In Section
2, we review some basic concepts and results of calculus and optimization that are needed for our analysis. In Section
3, we state and prove the implicit function theorem and discuss its implications for optimization problems. In Section 4,
we compare the implicit function theorem with other theories of optimization, such as non-smooth implicit
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differentiation, algebraic functions, and inverse functions. In Section 5, we present some examples and applications of
the implicit function theorem to optimization problems in economics and machine learning. Finally, in Section 6, we
conclude with some remarks and suggestions for future research.

Preliminaries

In this section, we review some basic concepts and results from calculus and optimization that are needed for our
analysis. We assume that the reader is familiar with the notions of functions, limits, derivatives, integrals, and Taylor
series.

An optimization problem is a problem of finding the best solution from all feasible solutions. The best solution is usually
defined by maximizing or minimizing an objective function that depends on the decision variables. An optimization
problem can be written in the following general form [2]:

minimize(or maximize) f(x)
X
subject to gix)<0,;i=1,...,m oy

hi(x)=0,;j=1,..,p

where x is a vector of decision variables, f(x) is the objective function, g;(x) are inequality constraints, and h;(x) are
equality constraints. A necessary condition for a point x* to be a local minimum (or maximum) of an optimization
problem is that the gradient of the objective function at x* is zero or orthogonal to the feasible direction. This condition
can be written as [3]:

VF(') + X2 AVgi(x) + X7 wjVh(x*) = 0 )

where 4; and p; are Lagrange multipliers associated with the constraints. The implicit function theorem is a tool that
allows us to solve equations implicitly by representing them as graphs of functions. The theorem states that under certain
conditions on the partial derivatives of a function F: S — R¥, where S is an open subset of R™**, we can locally express
some variables as functions of others. More precisely, if (a, b) isapointin S suchthat F (a, b) = 0 and detD, F(a, b) #
0, where D, F is the matrix of partial derivatives with respect to the last k variables, then there exist open neighborhoods
U of a and V of b, and a unique function f: U — V such that F(x, f (x)) = 0 for all x € U. Moreover, the function f is
differentiable and its derivative can be computed by differentiating both sides of the equation and solving for Df. The
implicit function theorem is important for our analysis because it allows us to use calculus techniques to study
optimization problems that involve implicit functions or constraints. We will also use some results from linear algebra
and matrix calculus, such as the inverse function theorem, the chain rule, and the second derivative test. We refer the
reader to any standard textbook on these topics for more details.

The Implicit Function Theorem and its Implications for Optimization

In this section, we state and prove the implicit function theorem and discuss its implications for optimization problems.
We follow the presentation, which uses the inverse function theorem and the contraction mapping principle.

Theorem 3.1 (Implicit Function Theorem) [7]. Let F: S — R¥ be a continuously differentiable function, where S is an
open subset of R™¥ . Let (a,b) €S be such that F(a,b) =0 and detD,F(a,b) # 0. Then there exist open
neighborhoods U of a and V of b, and a unique continuously differentiable function f: U — V such that

F(x,f(x))=0 forallx e U ©)
and
f(a) =b.
Furthermore,
Df(x) = —[DyF(x,f(x))]_leF(x,f(x)) forall x € U. 4)

Proof. Without loss of generality, we may assume that (a,b) = (0,0) and detD, F(0,0) = 1. Otherwise, we can
translate and scale the variables accordingly. Define a function G: S — R™** by

G(x,y) = (x,F(x,¥)).
Then ¢ (0,0) = (0,0) and

I, 0
2609 = (5. r00) D,F00)) ©)
where I, is the identity matrix of size n. Since detD, F(0,0) = 1, it follows that detDG(0,0) = 1. By the inverse
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function theorem, there exist open neighborhoods W; of (0,0) in R™*** and W, of (0,0) in R™** such that

G:W, > W,
is a bijection with a continuously differentiable inverse;
H:W, - W,.
Let
U=x€R"™(x,0)eW, (6)
and
V =y eRk(0,y) ew,. (7)

Then U and V are open neighborhoods of 0 in R™ and R¥, respectively. Define a function
f:u-V
by
f(x)=y ifanonlyif H(x,0) = (x,y).
Then f is well-defined and continuous. Moreover,

; F(x, f(x)) = F(H(x,0)) = F(G™'(x,0)) = 0, (8)
an
f£(0) = H(0,0) = G~1(0,0) = 0. 9)
To show that f is unique, suppose that there exists another continuously differentiable function
g u -V

where U’ and V' are open neighborhoods of 0 in R™ and R¥, respectively, such that
F(x,g(x)) =0 forall xeU’
and

g(0) =0.

Then for any x € U n U’, we have

G(x, f(x) = (6 F(x, f(x))) = (x,0) = (x, F(x, g(x))) = G(x, g(x))- (10)
Since G is injective on Wy, it follows that

f(x)=g(x) forall xeUnU'.

By continuity, this implies that f and g agree on the closure of U n U’, which contains a neighborhood of 0. Hence f
and g are the same function on a neighborhood of 0, and thus f is unique. To show that f is differentiable and to compute
its derivative, we differentiate both sides of the equation.

G(x, f(x)) = (x,0) (11)
with respect to x. Using the chain rule and the inverse function theorem, we get the following.
DG(x, f(x))(In, Df (x)) = (I, 0). (12)
Multiplying both sides by the inverse of DG (x, f(x)), which exists by the inverse function theorem, we obtain
(In, Df (x)) = DG — 1(x,0) (I, 0). (13)
Extracting the second block row of this equation, we get
Df(x) = —[DyF(x, f (x))] "' Dy F (x, f (x)). (14)

This completes the proof of the theorem.
The implicit function theorem has several implications for optimization problems. One implication is that if we have an
optimization problem with equality constraints of the form [6,8]

minimize(or maximize) f(x)
x (15)
subject to hi(x)=0,;j=1,..,p

where f and h; are continuously differentiable functions on an open subset of R™, and (a, b) is a point satisfying the
first order optimality conditions with detD, F(a,b) # 0, where F(x,y) = (hy(x), ..., hp(x),¥) and y = (¥4, ..., ¥p)
are Lagrange multipliers, then there exists a unique continuously differentiable function 1: U — RP such that A(a) = b
and (x, A(x)) satisfies the first-order optimality conditions for all x € U. In other words, Lagrange multipliers can be
expressed as implicit functions of decision variables near an optimal solution [9].
Another implication is that if we have an optimization problem with inequality constraints of the form [10]
minimize(or maximize) f(x)
x (16)
subject to gix)<0,;i=1,..,m

where f and g; are continuously differentiable functions on an open subset of R™, and (a, b) is a point satisfying the
Karush-Kuhn-Tucker conditions with detD, F(a, b) # 0, where F(x,y) = (g1(x), ..., gm(x),y) and y = (¥1, .-, Ym)
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are Lagrange multipliers, then there exists a unique continuously differentiable function A: U - R™ such that A(a) = b
and (x, A(x)) satisfies the Karush-Kuhn-Tucker conditions for all x € U. In other words, Lagrange multipliers can be
expressed as implicit functions of decision variables near an optimal solution [10].

Comparison with Other Theories of Optimization

In this section, we compare the implicit function theorem with other theories of optimization, such as non-smooth
implicit differentiation, algebraic functions, and inverse functions [6,11,12]. We show how these theories are related to
the implicit function theorem and how they can be used to study optimization problems that involve nonsmoothness,
nonlinearity, or degeneracy.

Non-smooth implicit differentiation:

Non-smooth implicit differentiation is a generalization of the implicit function theorem to the case where the function
F:S — R¥ is not continuously differentiable, but only locally Lipschitz continuous on an open subset S of R™¥. In this
case, the partial derivatives of F may not exist or be unique at some points, but we can still define the Clarke generalized
Jacobians of F with respect to x and y, denoted by 0, F(x,y) and d,,F(x,y), respectively. These are convex sets of
matrices that contain all possible limiting values of the partial derivatives of F along any sequence converging to (x, y).
The non-smooth implicit function theorem states that if (a, b) is a point in S such that F(a, b) = 0 and d,,F(a, b) is
nonsingular (i.e., every matrix in d,,F (a, b) is invertible), then there exist open neighborhoods U of a and V of b, and a
unique locally Lipschitz continuous function f: U — V such that

F(x,f(x)) =0 forall xeU a7
and
f(a) = b.
Furthermore,
0f (x) € —[0,F(x, f ()] 720, F (x, f(x)) for allx € U, (18)

where df (x) is the Clarke generalized Jacobian of f at x, and [0, F(x, f(x))] ™" is the set inverse of 9, F (x, f (x)),
defined as

[(’)J,F(Jc,f(x))]‘1 =B € RV*:AB € I, for some A€ 9y F (x, f (x)).

The nonsmooth implicit function theorem can be used to study optimization problems with nonsmooth equality
constraints of the form

minimize(or maximize) f(x)
x (19)
subject to F(x,y) =0

where f is a continuously differentiable function on an open subset of R™, and F:S — R¥ is a locally Lipschitz
continuous function on an open subset of R™**, and (a, b) is a point satisfying the first-order optimality conditions with
d,F (a,b) nonsingular. In this case, there exists a unique locally Lipschitz continuous function A: U — R¥ such that
A(a) = b and (x, A(x)) satisfies the first-order optimality conditions for all x € U. Moreover, we can compute the
Clarke generalized Jacobian of A by using the formula

dA(x) € —[ayF(x,l(x))]_l[Vf(x) + axF(x,A(x))] forall x € U. (20)
Algebraic functions:
An algebraic function is a function that satisfies a polynomial equation whose coefficients are themselves polynomials.

For example, an algebraic function in one variable x gives a solution for y of an equation.

an (XY™ + a1 (Y™ 4+ ag (0)y + ag(x) =0, (21)
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where the coefficients a;(x) are polynomial functions of x. This algebraic function can be written as

y=f).

Written like this, fis a multivalued implicit function. Algebraic functions play an important role in mathematical analysis
and algebraic geometry. An algebraic function can be seen as a special case of an implicit function that satisfies the
implicit function theorem. Indeed, if we define a function

F:R™"1 S R
by

F(x,y) = an()y™ + an_1 (Y™ + -+ a1 ()y + ao(x), (22)
then for any point (a, b) such that F(a,b) = 0 and g—; (a,b) = na,(a)b™ 1+ (n— Day,_1(@)b" % + -+ a;(a) #

0, there exist open neighborhoods U of a and V of b, and a unique continuously differentiable function f: U — V such
that

F(x,f(x)) =0 forallxeU

and
f(a) = b.
Furthermore,
aF
DFGx) = —2T) anxe v, 23)

The algebraic functions can be used to study optimization problems with algebraic equality constraints of the form

minimize(or maximize) f(x)
x (24)
subject to A ()Y + ap_ 1 ()Y 4+ -+ a (x)y +ag(x) =0

where £ is a continuously differentiable function on an open subset of R™, and a;(x) are polynomial functions of X,
and (a, b) is a point satisfying the first-order optimality conditions with Z—; (a, b) # 0. In this case, there exists a unique

continuously differentiable function A: U — R such that A(a) = b and (x, A(x)) satisfies the first-order optimality
conditions for all x € U. Moreover, we can compute the derivative of A by using the formula

\7i (x)+g—§(x,l(x))

DA(x) = —
) g—;(x,ﬂ(x))

for all x € U. (25)

Inverse functions:
An inverse function is a function that reverses another function. If g is a function of x that has a unique inverse, then
the inverse function of g, called g~1, is the unique function giving a solution of the equation

_ _ _ _ y=gx)
for x in terms of y. This solution can then be written as

x =g (). (26)

Defining g~1 as the inverse of g is an implicit definition. For some functions g, g~ (y) can be written out explicitly
as a closed-form expression, for instance, if g(x) = 2x — 1, then g~1(y) = %(y + 1). However, this is often not
possible, or only by introducing a new notation (as in the product log example below). Intuitively, an inverse function
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is obtained from g by interchanging the roles of the dependent and independent variables. An inverse function can be
seen as a special case of an implicit function that satisfies the implicit function theorem. Indeed, if we define a function

F:R? >R
by
F(x,y) =y —g(x), (27)

then for any point (a, b) such that F(a,b) = 0 and Z—i(a, b) = —g'(a) # 0, there exist open neighborhoods U of a
and V of b, and a unique continuously differentiable function f:V — U such that

F(f(y),y)=0 forall yeV

£(b) = a.

and

Furthermore,

_SCOY
SUmy 9 w)

Df(y) = forall ye€evV. (28)

The inverse function theorem states that f is the inverse of g, that is,

f@)=g7'(y) forall yev. (29)
The inverse functions can be used to study optimization problems with inverse equality constraints of the form
minimize(or maximize) f(x)
x (30)
subject to y=g(x)

where f is a continuously differentiable function on an open subset of R™, and g is a continuously differentiable
function on an open subset of R™ with a unique inverse, and (a, b) is a point satisfying the first-order optimality
conditions with g'(a) # 0. In this case, there exists a unique continuously differentiable function A: V — R such that
A(b) = a and (A(y), y) satisfies the first-order optimality conditions for all y € V. Moreover, we can compute the
derivative of A by using the formula

v (A(»)

DA(y) = — 700)) forally € V. (31)

CONCLUSION AND FUTURE WORK

The implicit function theorem and its variants have been presented in this paper as a powerful tool for solving
optimization problems with hard constraints. The theorem has been applied to derive optimality conditions, sensitivity
analysis, and numerical methods for various types of optimization problems. A comparison has also been made between
the implicit function theorem and other theories of optimization, such as non-smooth implicit differentiation, algebraic
functions, and inverse functions.

Future research can focus on extending the implicit function theorem to more general settings, such as Banach spaces,
manifolds, or infinite-dimensional problems. Additionally, the stability and robustness of the implicit function theorem
and its applications can be investigated under perturbations or uncertainties. More efficient and accurate numerical
methods can also be developed for solving implicit equations arising from the implicit function theorem. Finally, the
potential applications of the implicit function theorem in optimization and other fields, such as physics, engineering,
economics, or biology, can be explored further.
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