Algalam Journal of Medical and Applied Sciences. 2026;9(11):3714-3722
https://doi.org/10.54361/ajmas.261123

Original article

Solving Fractional Schrodinger Equations via Homotopy Perturbation Sumudu
Transform Method

Ahmad Mtawal* ', Anwar Abdalsalm

Department of Mathematics, Faculty of Education Almarj, Benghazi University, Libya
Email. ahmad.mtawal@uob.edu.ly

Abstract

We propose and analyze a technique that combines the homotopy perturbation method and the Sumudu
transform method. This method is called the homotopy perturbation Sumudu transform method. We use this
method to solve the generalized time-space fractional Schrodinger equation. The fractional derivative is
described in the Caputo sense. The proposed scheme finds the solution without any discretization,
transformation, or restrictive assumptions. We present several examples to verify the reliability and efficiency of
the proposed technique.
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Introduction
In recent years, considerable interest in fractional differential equations has been stimulated due to their numerous
applications in the areas of nonlinear science [4], many important phenomena [20], engineering and physics [18],
dielectric polarization [23], and quantitative finance [15]. To find explicit solutions of linear and nonlinear fractional
differential equations, many powerful methods have been used, such as the homotopy perturbation method [7,19, 24]
and the Fourier transform method [17].
The Sumudu transform method [8], the domain decomposition method [10, 21], the variational iteration method [25], the
homotopy analysis method [1], the fractional complex transform [5], and homotopy perturbation Sumudu transform
method [13, 22].
In this paper, we investigate the application of the homotopy perturbation Sumudu transform method (HPSTM) for solving
the generalized Time-space fractional Schrodinger equation with variable coefficients [11, 21]:

28

Z'Dt"’u(x,t)Jraa 2ﬂu(x,t)+v(x)u(x,t)+7/u(x,t)|u|2=0, 1)
X

where ¢ >0, 0<a, f <1 withinitial conditions

u(x,O):uO(x,t), (2)

Where U =u (x , l‘) is an unknown function, v ( X ) is the trapping potential, 0 < a, f <1 are parameters describing the

order of the fractional Jumaries derivatives [12], and a, y are real constants, respectively. If we select

o= ﬂ =1v (x ) =0 this equation turns into the famous nonlinear Schrédinger equation in optical fiber [3, 9, 16]. In
2
this paper, notice that (1) is a complex differential equation with a complex modulus term |u| as we all know, a complex
j 2 2
function u (f) can be written as u (f)ela(g) where ¢ (f) and 9(5) are real functions; notice that ‘u (5)‘ = ‘ c (f)‘ ,

. ~12 2
assume that lim |u| :|u0| , we get the HPSTM for Equation (1).
—>00

Basic definitions of fractional calculus
In this section, we present the basic definitions and properties of the fractional calculus theory, which are used further in
this paper.

Definition 1. The Riemann-Liouville fractional integral operator of order & > 0, of a function f eC_, 0=>-1 isdefined

o’
by [20] as follows:

17 (=5
JOf (t)=1(1).

Definition 2. The fractional derivative of f ( l) in the Caputo sense is defined by [20] as follows:

(t-&)""'f(&)de,

S —_—) ™~

(3)
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DS =T ey (") A, n-l<asn
Dy f (), v

Also one has the following properties:
D“C =0, (C isconstant),
T+ .,
[24 Vo x
D*x" =<T(y-—a+1)
0, y<a-—l,

, r>a-—1,

J“D"‘f(x):f(x)—gf(k)(W)%, n—-1<a<n,
DT f(x) = f(x).

Definition 3. The Mittag-Leffler function, which is a generalization of the exponential function, is defined by [14] as
follows:

E ()= ZF(]+1) a>0, teC,

aﬁ() zr( +ﬂ) a, >0, teC.

Some special cases of the Mittag-Leffler function are as follows:

E(t)=¢,

E, ()=E, ().

Definition 4. The Sumudu transform is defined by [2] over the set of functions:
7]

A=3f()13M, 1,0, >0,|f (1) <Me" if te(-1) x[0,0),

by the following formula:

:S[f(t)]z]jf(ut)e_tdt,ue(rl,rz). (5)

Some special properties of the Sumudu transform are by [2] as follows:

S[1]=1,

L

S| =———=|=U"
F(m+l)

Definition 5. The Sumudu transform of the Caputo fractional derivative is defined by [8] as follows:

S_Dtaf(xaf)}ﬂf_as[f(x,t)]—mil U_‘“kf(k)(OJr), m—-l<a<m. 6)
- k=0

Homotopy Perturbation Sumudu Transform Method (HPSTM)
To illustrate the basic concept of the technique, we consider the following general fractional partial differential equation
with the initial condition of the form:

Dt“u(x,t)+Lu(x,t)+Nu(x,z‘)zf(x,t), 7)
With m —1 < a < m and subject to the initial condition
S
aasu(x,O):u(s)(x,O):fS(x), s=0,1,...,n—1, (8)
t

Where Dta u ( X, t) is the Caputo fractional derivative of the function u (x N ), f ( X, t) is the source term, L isthe

linear differential operator and N is the general nonlinear differential operator.
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Applying the Sumudu transform (denoted in this paper by S ) on both sides of Equation (7), we get

S[Dtau(x,t)]JrSI:Lu(x,t)JJrS [Nu(x,t)]: S[f(x,t):'. 9)

Using the differentiation property of the Sumudu transform and the initial conditions in Equation (8), we have

STu(x.0)]="S U« (x.0) + USS[f (r0)~Lu(xnt)-Nu(x.0)] 010

Operating with thke :S?Jmudu inverse on both sides of Equation (10) gives

u(x,t)=F(x,t) +S" [U a S[f (x,¢)=Lu(x,t)-Nu (xt)ﬂ (1)

Where F (x ,) represent the prescribed initial conditions. Now we apply the HPM.

u(x,t)zi plu,(x,1), (12)

And the nonnlilz"n(;ar term can be decomposed as

Nu(x,t) = i p"A4,, (13)
n=0

For some Adomian’s polynomials A4 ,, thatare given by [6]

1 d”" i ;
A = — N Tu (x,t , n=0,12,... 14
S aid g ‘Ep j (x51) (14)

p=0
Substituting Equation (12) and Equation (13) in Equation (11), we get

ip”un(x,t):F(x,t)+S_1 U*S|f(x,t)-L ip"un(x,t) —ip"An . (15)
n=0 n=0 n=0

Equating the terms with identical powers of p , we can obtain a series of equations as the follows:
po:uo(x,t):F(x,t),

plzul(x,t)szl[U“S[f(x,t)—Luo(x,t)—Aoﬂ,

pliuy(x,t)=8" [U as[f (x,z)—Lul(x,t)—Alﬂ, (16)

. -1
P, (x,0)=8 U S [f (xo0) = Lu, (x 1) -4, ],
Proceeding in the same manner, the rest of the components U , (x , t) can be completely found and the series solution is

thus entirely determined. We approximate the analytical solution u (x 1 ) by truncated series as:

o0

u(x,t) = lim ) p"un(x,t). (17)

p_>1n:0

Applications

In this section, we apply the HPSTM developed in Section 3 to solve the Generalized Time-space Fractional Schrodinger
Equation with variable coefficients. Numerical results reveal that the HPSTM is easy to implement and significantly
reduces the computational effort while a tangible maintaining a very high level of accuracy. For comparison, we evaluate
the same examples presented in[ 10, 11, 21, 25, 26].

Example 1

We first consider the time-fractional NLS equation:
2

. 2

lDtau(x,t)+a 2u(x,t)+]/u(x,t)|u| =0, (18)
X

Where t >0, 0 <a, B <1 withinitial conditions

u(x,0)=4sech(x). (19)
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Applying the Sumudu transform on both sides of Equation (18), thus we get

0? 2
ax2u(x,t)+yiu(x,t)‘u0‘ . (20)

Operating with the Sumudu inverse on both sides of Eq.(20) we get

S[Dtau(x,t)} =S|ai

2
u(x,t)=4 sech(x)JrS_1 UaS{ai aizu(x,t)+7iu(x,t)‘u0‘2 . (21)

By applying the homotopy perturbation method we have

[§ p" U, x t)
> p"u,(x,t)=4 sech(x)—i—S_1 Uc“S ) (22)
"0 +yi Zp w, (x,1) ‘“0‘
Comparing the coefficient of like powers of ;_9 , we h;ve _
P iug(x,t)=Asech(x),
pliu(x,t)=4 (sech(x)—2sech3(x))lf(1;;+l)+7z43sech3(x) %
ait” , 2a
=A h —_— A" =—
sec (x)l"(a+1)’ ( 7/}
ait” ait”
priu,(x,t)=4 (sech(x)—2sech3(x ))%+2A sech(x) %
A e (ait”‘)2
SO (x)r(2a+1)’
3 i)
P :M3(X,t):A SeCh(X)m, (23)
) y 5 (azt )”
P .un(x,t)— S€C (X)m
Thus the solution of Equation (18) is given by
u(x,t)zgiinlnzzlop u, (x,1)
2 3
w o ;@
=A sech(x)|1+ ai +(az ) +(az )
[(a+1) T(2a+l) T(3a+l)
(24)

=A sech(x) ni::o lgczitazl)

=4 sech(x) Ea(ait “).

If we put & —> 1 in Equation (24) or solve Equation (18) and (19) with &z =1, we obtain the exact solution
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u(x,t) = Asech(x) Ea(ait“)

a .
=+ |[—sech(x)e®.

Which is in full agreement with the result in Ref. [11, 26].

Example 2

We first consider the time-space fractional NLS equation:
“u(xa)el 2

iD u(x,t)+———=

! ’ 2 9x 2P

Where t >0, 0<a, f <1 withinitial conditions

u(x,0)=sin(x). (26)

Applying the Sumudu transform on both sides of Equation (25), thus we get

S[Dtau(x,t)} =S %i

u(x,t)—u(x,t)cosz(x)—u(x,t)|u|2=0, (25)

5 2[),u(x,t)—iu(x,t)cosz(x)—iu(x,t)‘uo‘z . (27)
X

Operating with the Sumudu inverse on both sides of Eq.(27) we get

on ot o
%iaax—zﬂu(x,t)—iu(x,t)cosz(x)

u(x,t):sin(x)jLS_1 U“%S ) (28)

_iu(x,t)‘uo‘z

By applying the homotopy perturbation method we have

li it i plu,(x,t)

2 axZ'B n=0 " ’
ip”un(x,t)aél sech(x)+S_1 U“°S|-iu ip"un(x,t) cosz(x) . (29)
n=0 n=0

Comparing the coefficient of like powers of p , we have
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p " ug(x,t)=sin(x),
p! :ul(x,t)=(%sin(x +7 ) —sin(x )(sinz(x )+cos2(x ))j F(i;il)
1 . . it
=[Esm(x +7r,8)—sm(x)jrzoi+l),
—sm(x +2ﬂﬁ)—lsin(x +7rﬂ) "
2 2 it
piu,(x,t)= { )
-~ (Sil’lz(X)-f‘COSz()C ))(Esin(x +7 B)—sin(x )) (a+1)
= lsin(x +27 ) —sin(x + 7 f)+sin(x ))ﬂ
4 r(2a+1)’
lsin(x +37r,B)—§sin(x +27 f8) (ita)3
3. 4
pius(x,t)= 3 TGasl)
+55in(x +7 B)—sin(x ) (3a+1)
1 1
—sin(x +47 B)——=sin(x +37 f3) L)
Pt (out)=| 10 2 &

+ gsin(x +27r,8)—2 sin(x +7r,8)+sin(x

it
p" :un(x,t)=Cn(x)%.

Where
C,(x)=C, (x)sin(x) +C, (x)sin(x + zf) + C, , (x)sin(x + 27f8) +--- + C, , (x)sin(x + nzf3)
And where

C.o=CD", n=0,

Cnl:lcnflo_cnfll’ n>l,
) 2 ) )
1
Con=7C,,—-C,1,, n>2,
) 2 ) )
1 .
Coin=7C;,=C, 0y, =012,
£l 2 9! >
1
Cnn :_Cn—ln—l’ nZl
) 2 >

Thus the solution of Equation (25) is given by
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=sin

ESGN PV A
r(g+1)| | 2T (a+)

If we put &, ﬁ — 1 in Equation (31) or solve Equations (25) and (26) with o = ,3 =1, we obtain the exact solution

n

: (i)

ulx,t) = C (x)———
(x.r) = 2.l )F(na+l)
. —(34)it
—sin(x )e 2"

Which is in full agreement with the result in Ref.[11, 21, 26].
Comparisons between the real part of some numerical results and the exact solution Equation (31) are summarized in
(Tables 1 and 2), and the simulations for u,, u#, , and u# are plotted in (Figures 1 and 2), which show that HPSTM

produced a rapidly convergent series.
Comparisons between the imaginary part and the exact solution Equation (31) are plotted in (Figures 3 and 4), and the

simulations for us, u, and u , show that HPSTM produced a rapidly convergent series.

Table 1. Comparison between the real part of u, and u when & :,B =1.

X t Approximate 1, .. Exact solution | Absolute error
0.2 | 0.1 0.1964384915 0.1964384884 3.1x107°

3 0.2 0.1348172358 0.1348170931 1.427x10”’
15 | 0.3 0.5855572742 0.5855498014 7.4728x10°°

Table 2. Comparison between the real part of 1, and u when a=0.7, f=0.9.

X ¢ Approximate 1, .. Exact solution Absolute error
0.2 0.1 0.1989280524 0.2288404399 0.0299123875
0.2 0.2 0.1978265247 0.2080382267 0.010211702
1 0.3 0.6273816436 0.6355277868 0.0081461432
O.s - - - T o~ ~
O .6 // ™~
F \\
O _42 — v ~
' RS
o> - 7 \ l___,.:_—_—_—:—b___ —
w o ¥ \// =
- 1 > N 2N 2 s -
o> - o = & \\ .
o+ ] ~ //
] \ P
o &6 N
~ ~
~
o= \\ -

s B = =5
e

1 =
B=0.9. s=o.1 = spps. o= C B=0.9. s=0.1

Figure 1. Comparison between the real part of u , and the exact solution 1 .

Copyright Author (s) 2026. Distributed under Creative Commons CC BY 4.0
Received: 05-09-2026 - Accepted: 03-11-2026 - Published: 12-11-2026 3720


https://doi.org/10.54361/ajmas.261123

Algalam Journal of Medical and Applied Sciences. 2026;9(11):3714-3722
https://doi.org/10.54361/ajmas.261123
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Figure 2. Plots of the absolute error 1, when o =0.7and f=0.9.
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Figure 4. Plots of the absolute erroru

A

Conclusions

In this paper, we have introduced a combination of the homotopy perturbation method and the Sumudu transform
method for time-space fractional equations. This combination builds a strong method called the HPSTM. We used the
homotopy perturbation Sumudu transform method for solving the Generalized Time-space Fractional Schrodinger
Equation with variable coefficients. The HPSTM has been shown to solve effectively, easily and accurately a large class of
nonlinear problems with the approximations which convergent are rapidly to exact solutions. The obtained results are
compared well with those obtained by VIM, ADM, HAM, and MFVIM. Finally, we conclude that the HPSTM may be
considered a nice refinement of existing numerical techniques.
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