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Abstract

In this paper, we study the existence and stability of the Set-Valued functional equation with a parameterinx € L4[0,
T1.[1, 5, 12]. The existence of solutions will be studied. The continuous dependence of the unique solution in x €
L4[0, T] willbe studied. We studythe uniquenessofthe solution x € C [0, 1], and the continuous dependence
of the unique solution will be studied. We studyx € C[0,1]. We additionally provide examplesgivenas the
same application of the result.
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Introduction
In this paper, we have many applications. Here, we are concerned with the set-valued equation with parameter
x() € F(t, Ax(@ (1)), te[0,1] (1)
We studythe existence of solutions x € L4[0,1] of (1). The continuous dependence of the unique solution will be studied [5, 3].

Main results

The following assumptions willbe needed for our goals.

(D (i) The set F(t,x, y) is nonempty, closed and convex for all (¢, x,u) €[0,1] x R x R.

(ii) F(t,x, p) is satisfies continuous in x and u for every t € [0, 1].

(iii) There exists a bounded measurable function a: [0,1] —> R and a positive constant K, such that
IF(t, x,u)ll =sup |f| : F€ F(t, x,u) < la(t)] + K| (Ix] + |p]).

Remark 1
From the assumptions (i)-(iii) we can deduce that there exists f € F(t, x,u), such that
x(t) =1f(t, x(¢(t)),u), A >0 te(0,1) (2)

(iv) f:1x R x R—> Ris measurableintfor anyx,u € R and continuousin X,u for t € [0,1] such that there exists a bounded
measurable function a(t) and a positive constant K> 0 such that
|f(t, x(t), )| < |al + K(llxIl +|ul), VtE ], and x,u € Rx R.
and
I0'a(t)|<a
(11) p ¢ :1->lis absolutely continuous and |¢(t)| < t,and 3B >0, such that, ¢('s) > B, (lll) K |A| < K*and, a + K|u| < y*

3%

Remark 2
From (I) and (iv), we can deduce that every solution of (2) is a solution of (1).

Existence of solutions
Theorem 2.1
Assume that the assumptions (I)-(lll) are valid. Then the Problem (2) has at least one continuous solution x € L4[0, T]. proof. Let

Q.be aset defined as
Qr ={x e L1[0,1] - ||| <r} . t€][0,1]

K*
r=(p*)(1 - —)"L
r= ()1 - =) ,
Define the operator A by Ax()f(t, A x(¢(t)),u) Let x € Q,; then

T
|AX()] = If(s ,A X(d(s)),ds)|
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T

f la(s)|ds +K(|/1IIX(¢>(t))| + [u)ds
0

Taking ¢(s) =u and ds = , then

@(T)
<(L+K|)\|] u)| f K|p|ds

K*
< a+ - llzll + Klp|

T T.
= B =

Hence, Ax € x, which proves that Ax € Qr and Ax > Q.. This shows that the operator Ax maps L'into itself. Now, let us observe
that the assumptions (I)-(Il) imply that A is continuous on the set Q, and from assumption (l), fis continuousin x. Hence, we
deduce that the operator A is continuous on Q,. Finally, we will show that A is compact; to prove this, we will apply the
Kolmogorov Compactness Criterion. LetQ be aboundedsubset of Q.. Then (AQ)is boundedinL(/),i.e., condition i) is satisfied.
It remainsto show that (Axe),>A(x), as h > 0 uniformly with respectto Ax € Q. We have the following. Letx€ Q c Q,, thatis x,u
€QcQ,then

T 1 t+h
1(Az)u(t) — (Az)(8)]| = /U . [ Az (6) — Ax(t)d6]ds
Since Ax € L, then by the Lebesgué point Theorem.

1 t+h
X [ |Az(0) — Az(t)d0] — 0
L Jt .

Hence, lI(Axe), - (Axe)ll » 0, uniformly as h - 0; then Axe is relatively compact, and there exists at least one fixed point x € L' of

()

Existence of A Unique Solution

Here we study the sufficient conditions for the uniqueness of the solution x € C[0, 1] of problem (1). Consider the following
assumptions

() (i) The set F(t, x,u) is nonempty, compact and convex for all F(t,x,u) € [0,1] x Rx R.

(i) F(t, x,u) is continuous and satisfies the Lipschitz condition with a positive constant K such that

HF(t, X1, 1) F1(t, X2, 12) < K(llxq = Xall + |2 = H2l)

where H(A, B) is the Hausdorff metric between the two subsets A, BC Ix E

Remark 2

From these assumptions, we can deduce that there exists a function f € F(t, x,u) such that
(iii) F(t, x,u) ismeasurable in tfor every x € Rx R.

(iv) The set f(t,x,u) is measurable in t for every x,u € R x R and satisfies the Lipschitz condition with a positive constant K
suchthat

[ (2, X1, 1), £, X2, ) | < K(lX1 = Xall + |1 = o).

From this assumption (I), we have

f(t, x, 1) = 1(£,0,0)| < [f(t,x,u) — £(£,0,0) < K lIx]l.

Then

If(t,x, 1) < K|x] +1f(t,0,0) < K'|x|+ | a(t) |

where |a(t)| = sup «/|f(t,0,0)|, and K |A] < K*

(I ¢ : 1 ->1is absolutely continuous and |¢(t)| < t,and 3B>0, such that, ¢('s) >B

Sojutet
() K| A s K-and, 7 <1

Theorem 3.1
Letthe assumptions (I)-(ll) be satisfied. Then the solution of the Problem (2) is unique.

Proof Let x4(t) and x,(t) be solution of the problem (2), then
T

1) = w2(®)] = [ (1 (s, Aaa(6()). 1) = (3. Ara(0(). )]s
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Taking ¢(s) =u and ds = — , then

()
< K [ o) o))

<5 H
€T —
>~ B 1 2
K*llx1 = xoll = 0.
K*

<
Hence ¥ ’ .

llx1 =Xl < (1-%3) " then x, = x,and the solution of (2) is unique. This completes the proof.

Continuous Dependence of The Solution
Definition 1
The unique solution of the problem (2) depends continuously on A if, for € > 0,36 > 0 such that
[A-A*<d Slx-xllse
where x*is the unique solution of
x*(t) = f(t,Ax*($(t),1) (3)
Theorem4.1
Letthe assumption of Theorem 3.1 be satisfied; then the unique solution of (2) depends continuously on A
Proof Let x(t) and x*(t) be the solutions of problem (2); then

Ix(®) = x*()l = [, | (F(&, Ax((0),11)) = Fit, A*x*(@()), 1) 5]
</<f |/\x )) A x(¢(s))lds

< Kf, Mx(@(5) -2 x(@(5) + A x(e(s)) - 1 x*(@(s))]ds
Taking ¢(s )— uandds = %, then

T
<K [ (Rot6(6) = (B + r(6(0) = X" (o))

<50 [ - o2 e [ o

< K* | |+ Kr<5
— |lr—=x <r
B =

Then
(1 — K*)|jz — 2*|| < (K76)

Kré K*
lo - 2" < ()1 -5 )M <e
Definition 2
The unique solution of the problem (2) depends continuously on ¢ if € > 0,36 >0 such that
[$(t) - p(t)| =S S lx-xl<e

where x*is the unique solution of

x*(t) =f(t, Ax*(¢*(t).1)  (4)
Theorem4.2
Letthe assumption of Theorem 3.1 be satisfied; then the unique solution of (2) depends continuously on A

Proof: Let x(t) and x*(t) be the solutions of problem (2), then

lx(t) = x*(t)ll ‘fTIfS AX(@(s)),1)) — f(s, A* x*(¢*(s)), 1)) | ds

< K[ Ax(@(S) -2 x:((s )= Ax(@(6)-Ax (@ (s
Taking ¢(s) uand ds = @( ), ,then
< K|)\|f 2(u) — z* () |— + K¢ — ¢ |f )t ()2
o(s) o(s)
< B B
B

Then
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(1—-K%) " K*ro
— -2 <
- 2"l < (=)
X K*rd K* _
le — 2" < (=) = ) <

Definition 3
The unique solution of the problem (2) depends continuously on p if e >0,35 > 0 such that
[u-p=d Slx-xll<e
where x*is the unique solution of
x(t) =f(t, Ax*(¢(t),u*)  (5)
Theorem4.3
Letthe assumption of Theorem 3.1 be satisfied; then the unique solution of (2) depends continuously on A
Proof. Let x(t) and x*(? be the solutions of problem (2).

() = =" ()] :/0 |f (s, Ax(D(s)), ) — f (s, Aa™((s)), ™)l ds

Takmgd) uand ds = 2& , then

o(s)’
<K x(u) —x* (u)|—)+ / |pe — p*|ds
K|)\|” '*”+B(5

p woriTg

K* lz — 2*[| + Ké
BT B
Then

K* (K6)
1-— —z* -—
(1- e —a*l <~
K6 K*

— x| < (=)(1 — 1<
o ="l < (51— ) <
Example 1
Consider the following equation.

) 1
x(t) = the™ + Ax(cosdt + 1) + 3

Then 1
(5, Aa(@(5)), )] = '™ + Az (cos (4t + 1)) + 5|

1 1
< (Allz(cos(4t + 1))| + [3)
It is clear that the assumptions (l) and (lll) of Theorem 2.1 are satisfied with a(t) = t*exp “Y € L4[0, T], and ¢(t) = cos(4t + 1), and

1 _ * _ 1
A =3 k= 2 then’v'C =kA=7 < 1, Therefore, by applying Theorem 3.1, the Set-valued equation (1) has a continuous
solutlon.
Example 2

Consider the following equation; since equation (3) is transformed to function equation (5), then

da(t) 1(1‘ — 3) + A(z(sin(5t)) + %,u,

|f(t, %(t —3) + AMz(sin(5t)) + l,u,, |

< It = 3)| + N (sin(50)| + 54l

Itis clear thatthe assumptions (1) and (2) of Theorem 3.1 are satisfied with a(t) = (t —-3)eC(O,T
, and ¢(t) = sin(5t); therefore, by applying Theorem 3.1, the equation (3) has a continuous solution.

_ 1
Landlet* = L1 = 3
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