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Abstract 
In this paper, we study the existence and stability of the Set-Valued functional equation with a parameter in x ∈ L1[0, 
T].[1, 5, 12]. The existence of solutions will be studied. The continuous dependence of the unique solution in x ∈ 
L1[0, T] will be studied.  We study the uniqueness of the solution x ∈ C [0,1], and the continuous dependence 
of the unique solution will be studied.  We study x ∈ C [0,1]. We additionally provide examples given as the 
same application of the result.  
Keywords: A Set-Valued Functional Equation: Lipschitz Condition:  Banach Space.  

 
Introduction 
In this paper, we have many applications. Here, we are concerned with the set-valued equation with parameter 

x(t) ∈ F(t, λ x( ϕ (t)),µ ), t ∈ [0,1] (1) 
We study the existence of solutions x ∈ L1[0,1] of (1). The continuous dependence of the unique solution will be studied [5, 3].  
 
Main results 
The following assumptions will be needed for our goals. 
(I) (i) The set F(t ,x, µ) is nonempty, closed and convex for all (t, x ,µ) ∈ [0,1] × R × R. 
(ii) F(t ,x, µ) is satisfies continuous in x and µ for every t ∈ [0,1]. 
(iii) There exists a bounded measurable function a : [0,1] −→ R and a positive constant K, such that 
∥F(t, x,µ)∥ = sup |f| : f ∈ F(t, x,µ) ≤ |a(t)| + K|(|x| + |µ|). 
 
Remark 1 
From the assumptions (i)-(iii) we can deduce that there exists f ∈ F(t, x,µ), such that 

x(t) = f(t, x(ϕ(t)),µ), λ > 0 t ∈ (0,1) (2) 
(iv) f: I × R × R −→ R is measurable in t for any x,µ ∈ R and continuous in X,µ for t ∈ [0,1] such that there exists a bounded 
measurable function a(t) and a positive constant K > 0 such that 
|f(t, x(t),µ))| ≤ |a| + K(∥x∥ + |µ|), ∀t ∈ I, and x,µ ∈ R × R. 
and 
∫︁01 |a(t)| ≤ a 
(II) ϕ : I −→ I is absolutely continuous and |ϕ(t)| ≤ t, and ∃B > 0 , such that, ϕ(´s) > B, (III) K |λ| ≤ K∗ and, a + K|µ| ≤ µ∗ 

and  
 
Remark 2 
From (I) and (iv), we can deduce that every solution of (2) is a solution of (1). 
 
Existence of solutions 
Theorem 2.1 
Assume that the assumptions (I)-(III) are valid. Then the Problem (2) has at least one continuous solution x ∈ L1[0, T]. proof. Let 
Qr be a set defined as 

, 
Define the operator A by Ax(t)f(t, λ x(ϕ(t)),µ) Let x ∈ Q r; then 
∫︁ T 
|Ax(t)| = |f( s ,λ x(ϕ(s)),ds)| 
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∫ |𝑎(𝑠)|𝑑𝑠 + 𝐾(|𝜆||𝑥(𝜙(𝑡))|  + |µ|)𝑑𝑠
𝑇

0

 

Taking ϕ(s) = u and           𝑑𝑠 =
𝑑𝑢

𝜑(𝑠)́
 , then 

 
Hence, Ax ∈ x, which proves that Ax ⊂ Qr and Ax → Qr. This shows that the operator Ax maps L1 into itself. Now, let us observe 
that the assumptions (I)-(II) imply that A is continuous on the set Qr, and from assumption (I), f is continuous in x. Hence, we 
deduce that the operator A is continuous on Qr. Finally, we will show that A is compact; to prove this, we will apply the 
Kolmogorov Compactness Criterion. Let Ω be a bounded subset of Qr. Then (AΩ) is bounded in L1(I), i.e., condition (i) is satisfied. 
It remains to show that (Axe)h → A(x), as h → 0 uniformly with respect to Ax ⊂ Ω. We have the following. Let x ∈ Ω ⊂ Q r, that is x,µ 
∈ Ω ⊂ Qr, then 

 
Since Ax ∈ L1, then by the Lebesgue point Theorem. 

. 
Hence, ∥(Axe)h − (Axe)∥ → 0, uniformly as h → 0; then Axe is relatively compact, and there exists at least one fixed point x ∈ L1 of 
(2) 
 
Existence of A Unique Solution 
Here we study the sufficient conditions for the uniqueness of the solution x ∈ C[0,1] of problem (1). Consider the following 
assumptions 
(I) (i) The set F(t, x,µ) is nonempty, compact and convex for all F(t,x,µ) ∈ [0,1] × R × R. 
(ii) F(t, x,µ) is continuous and satisfies the Lipschitz condition with a positive constant K such that 
H(F(t,x1,µ1);F1(t,x2,µ2) ≤ K(∥x1 − x2∥ + |µ2 − µ2|) 
where H(A, B) is the Hausdorff metric between the two subsets A, B ⊂ I × E 
 
Remark 2  
From these assumptions, we can deduce that there exists a function f ∈ F(t, x,µ) such that 
(iii) F(t, x,µ) is measurable in t for every x ∈ R × R. 
(iv) The set f(t,x,µ) is measurable in t for every x,µ ∈ R × R and satisfies the Lipschitz condition with a positive constant K 
such that 
|f(t,x1,µ1),f(t,x2,µ2)| ≤ K(∥x1 − x2∥ + |µ1 − µ2|). 
From this assumption (I), we have 
|f(t, x,µ)| − |f(t,0,0)| ≤ |f(t ,x,µ) − f(t,0,0)| ≤ K ∥x∥. 
Then 
|f(t ,x,µ)| ≤ K |x| + |f(t,0,0)| ≤ K |x|+ | a(t) | 
where |a(t)| = sup t∈ I |f(t,0,0)|, and K |λ| ≤ K∗ 
((II) ϕ : I −→ I is absolutely continuous and |ϕ(t)| ≤ t, and ∃B > 0 , such that, ϕ(´s) > B, 

(III) K| λ| ≤ K∗ and,  
 
Theorem 3.1 
Let the assumptions (I)-(II) be satisfied. Then the solution of the Problem (2) is unique. 
 
Proof Let x1(t) and x2(t) be solution of the problem (2), then 
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Taking ϕ(s) = u and  𝑑𝑠 =
𝑑𝑢

∅(𝑠)́    ,  then 

 
K∗∥x1 − x2∥ ≤ 0. 

Hence  
∥x1 −x2∥ ≤ (1− KB )−1; then x1 = x2 and the solution of (2) is unique. This completes the proof. 
 
Continuous Dependence of The Solution 
Definition 1 
The unique solution of the problem (2) depends continuously on λ if, for ϵ > 0,∃δ > 0 such that 
|λ − λ∗| ≤ δ ⇒ ∥x − x∗∥ ≤ ϵ 
where x∗ is the unique solution of 

x∗(t) = f(t ,λ x∗(ϕ(t)),µ) (3) 
Theorem 4.1  
Let the assumption of Theorem 3.1 be satisfied; then the unique solution of (2) depends continuously on λ  
Proof Let x(t) and x∗(t) be the solutions of problem (2); then 
∥x(t) − x∗(t)∥ =∫ |

𝑇

0
 (f( t, λ x( ϕ(t)),µ)) −  f(t, λ∗ x∗(ϕ(t) ), µ))) d s| 

≤ K∫ |
𝑇

0
λ  x( ϕ(s)) −  λ∗ x∗( ϕ(s) )|ds 

≤ K∫ |
𝑇

0
λ x(ϕ(s)) – λ x∗(ϕ(s)) + λ x∗(ϕ(s)) − λ∗ x∗(ϕ(s))|ds 

Taking ϕ(s) = u and 𝑑𝑠 =
𝑑𝑢

∅(𝑠)́  ,  then 

 
Then 

 
 
Definition 2 
The unique solution of the problem (2) depends continuously on ϕ if ϵ > 0,∃δ > 0 such that 
|ϕ(t) − ϕ(t)∗| ≤ δ ⇒ ∥x − x∗∥ ≤ ϵ 
where x∗ is the unique solution of 

x∗(t) =f(t, λ x∗(ϕ∗(t)),µ) (4) 
Theorem 4.2 
Let the assumption of Theorem 3.1 be satisfied; then the unique solution of (2) depends continuously on λ  
 
Proof: Let x(t) and x∗(t) be the solutions of problem (2), then 
∥x(t) − x∗(t)∥ =∫ |

𝑇

0
f(s, λ x(ϕ(s)),µ)) − f(s, λ∗ x∗(ϕ∗(s)),µ))|ds 

 ≤ K∫ |
𝑇

0
λ x(ϕ(s)) – λ x∗(ϕ(s)) + λ x∗(ϕ(s)) – λ x∗(ϕ∗(s))|ds 

Taking ϕ(s) = u and  𝑑𝑠 =
𝑑𝑢

∅(𝑠)́
 ,   , then 

 
Then 
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Definition 3 
The unique solution of the problem (2) depends continuously on µ if ϵ > 0,∃δ > 0 such that 
|µ − µ∗| ≤ δ ⇒ ∥x − x∗∥ ≤ ϵ 
where x∗ is the unique solution of 

x∗(t) =f(t, λ x∗(ϕ(t)),µ∗) (5) 
Theorem 4.3 
Let the assumption of Theorem 3.1 be satisfied; then the unique solution of (2) depends continuously on λ  
Proof. Let x(t) and x∗(t) be the solutions of problem (2). 

 
Taking ϕ(s) = u and 𝑑𝑠 =

𝑑𝑢

∅(𝑠)́
  ,  then 

 
Then 

 
 
Example 1 
Consider the following equation. 

 
Then 

 
It is clear that the assumptions (I) and (III) of Theorem 2.1 are satisfied with a(t) = t4 exp (- t) ∈ L1[0, T], and ϕ(t) = cos(4t + 1), and 

let, , then , Therefore, by applying Theorem 3.1, the Set-valued equation (1) has a continuous 
solution. 
 
Example 2 
Consider the following equation; since equation (3) is transformed to function equation (5), then 

 
then 

 
It is clear that the assumptions (1) and (2) of Theorem 3.1 are satisfied with ], and let,
, and ϕ(t) = sin(5t); therefore, by applying Theorem 3.1, the equation (3) has a continuous solution. 
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