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Abstract

This work aims to study the methods for finding exact solutions of fractional differential equation systems involving
real symmetric matrices, homogeneous and nonhomogeneous, by using the Laplace transform and Mittag-Leffler
function methods, with some illustrative examples.
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Introduction

The ideaiit is well known that fractional differential equations are generalisations of ordinary differential equations to an
arbitrary non- integer order. In the theory of integer-order differential equations, the exponential function, i.e. e plays a
paramount role. For example, to find the solution of y’' + y = 0. In a like manner, the role of the Mittag-Leffler function is
very critical for fractional order calculus, and it also plays a pivotal role in finding the solution of non-integer-order
differential equations [9]. The Mittag-Leffler function was introduced in 1903 A.D. in multiple fields of mathematics and
physics, including fractional calculus and the theory of fractional differential equations. It is inseparably connected to
fractional calculus, which extends the classical calculus to non- integer orders [3,6, 7, 8, 12]. This function is specialin
mathematics and generalises the exponentialfunctionto fractionaland complex arguments [6]. A two-parameter function
isdefined as,

k

Z
ET'S(Z)=kZ_Om rs>0,rseR,zeC

Somefractionaldifferentialequations are solved by using the methods of the fractional Laplace transform and the Mittag-
Lefflerfunction. Inthis paper, we explore. Insection 2, we define the Gamma function; we alsodefine the Laplace transform
for Riemann-Liouville and Caputofractionalderivatives, and define the Mittag-Leffler functionwithrelationsand examples.
In section 3, we focus on the system of fractional equations and real symmetric matrices, and also verify the results with
solutions of homogeneous and non-homogeneous systems of examples.

Preliminaries
In this section, we recall some definitions which would be useful for subsequent discussions. First, we introduce the
definition of the Gamma function, which is simply the generalisation of the factorialfor allreal numbers.

Definition Gamma Function [10]
The Gamma function, denoted by I'(z), is defined on the complex plane, i.e

I'(z) = jme‘t t7dt, (Rez > 0) (D
0

Withthe relations: I'(z + 1) = zI'(z),and T'(z) = (z— 1),z €N
The Gamma function is fundamentalin fractional calculus as it generalises the fractional function to non- integer order,
providing the necessary framework for defining fractional derivatives.

Definition: Riemann-Liouville's Fractional Derivative [2]
Suppose that n € N. The Riemann-Liouville fractional derivative RDE of order a € (n — 1,n] for a function v is defined as

1 dn rt e
RD:V(t)=m@fo(t—€) tv({)dq,t > 0. 2)

Definition of Riemann-Liouville's FractionalIntegral [10]
Suppose a is a real non- negative number and f(t) is piecewise continuous on (0,) and integrable on any finite
subinterval [0, ). The Riemann- Liouville's fractionalintegral of v(t) of order @ > 0,for { > 0 is defined as

(1 (* v® J
—d{, a>0
« — I'(a) a -t
dEv(t) 0 =0 (3)

Definition of Caputo's Fractional Derivative [10]
Ifv: R, » Randa € (n— 1,n),n € N, then
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§Dv(t) = J(f— e v () dg (4)

Definition of Laplace Transform for Rlemann Liouville and Caputo fractional [6]
The Laplace transform is a powerfultoolfor solving a class of linear fractional differential equations
1. Laplace transform for Riemann-Liouville's Fractional

m-—1
L[,DER(E)] = SZL[,DEA()] — Z Sk DEHL R ooy, (5)
k=0

m—1<a<mezZ',t>0
2. While Laplace Caputo
L[DERB)] = S*L [(DFR()] — Xi=g S« =1 h* (0), (6)
m—1<a <meZ't>0

Definition: Mittag-Leffler function [13]
The Mittag-Lefflerfunctionis ageneralisation of the exponentialfunction, anditis one of the mostimportant functions, and
represents a key tool in fractional differential equations. The two-parameter Mittag- Leffler functionis defined as

k
z
E. (2) = ;m ™
Wherer,s > 0. Moreover
1. Forr = sinequation (7) simplifies to
had k
z
ET,Y(Z) = Zm r>0 (8)
k=0
2. If s =1inequation(7),then
k
Er,l (Z) = ZIL:;Oﬁ r>0. (9)

3. Ifr=1and s = 1inequation(7), the Mittag-Leffler functionreduces to the exponential function

= —e T —_— Z
Ei1 (@) Z Tk + 1) Z k1€ (10)
k=0 k=0
Relations [6]
1. Forall r>0,s >0,then E,; = zE, ., (z )+r()
Proof
By equation (7), putk =n+1,
n+1
E -
ns(@) = Z TGm+D+59)
+1

Z F(rn+r+s)

+1

F(s) 2 F(rn +r+s)

m+ZErr+s(Z)
2. Thefractionalderivative of E, ;(2) _rZ rs—1(2) — Ers(z)
Properties for some specific values of r and s: the Mlttag -Leffler function simplifies to a familiar form. For example [5]
Zk k+1 eZ-1
1. B2 =3k OT(k+2) Z" 0(k.+1)I -
ZZk Z
2. E2,1(ZZ) k= O—F(2k+1)_zk s = coshz
72k z2k+1 sinhz
3. (@) =% Or(2k+2) = i 0 Gkt 2
- 7 ( 1)k 2k
4. Ez,1(—zz)=2k=or((2k21) Y=o Qo = cosz
oy o (_ZZ) ( 1)k 2k+1 E
5. Epp-—z )_Zk=0F(2k+2) Zic=o rk+)!  z

Homogeneous and non- homogeneous systems of fractional equations and real symmetric matrices
The principal goal in this section is to apply this method with real symmetric matrices to solve systems of fractional
differential equations, as mentioned inthe papers[1], [4]. Let the fractional differential system be
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Suchthatis a continuous, vector-valued function of the variable t for the unknown vector function

X1t

X(@) = ( : ) matrix, as it is a symmetric matrix.
Xn(t)

Supposethat vy, ...

Putting X(t) = PY(t), suchthat P = [V

, U, are the corresponding eigenvectors orthonormal to the eigenvalues 44, .... 4,

Suchthat D is the diagonalised matrix of A. Also, letting g(t) = PTh(t)

<Yf>
Yn
Then

We taking Laplace transform, we get

D*X(t) = AX(t) + h(t) an
Vn] orthonormal matrix, then

D*PY(t) = A(PY(®)) + h(®) (12)
PD*Y(t) = APY(t) + h(t) (13)
DeY(t) = P 1APY(t) + P71 h(t) (14)
DeY(t) = DY(t) + PTh(t) (15)
D*Y(t) = DY(t) + g(t) (16)

A o 0N/ 91(®)
=(: =2 ><>+< : ) 17)

0 - 1,/ gn(®)

D%Y; = 4;Y; + g;(0) (18)
LDy} = L{D"[D= "y, |} (19)
— SnL{D—(n—a) yi} _ Sn—iDi—l—(n—oc) yi(o) (20)

Lo
— Sn[s—(n—a)yi(s)] _ Sn—iDi—l—(n—a) )’i(o) (21)
)
— SaYi(S) _ Sn—iDi—l—n+ayi(0) (22)
2

Then, by taking the inverse Laplace transform, we can obtain the solution.

Example 3.2

. 1
Solve the non-homogeneous system of fractional-order systems whena = :

x=(5)-C 96+ ()

Replacing X = py forms asimple system,withP = (v, 1;)
The eigenvalues A of A satisfywhen |4 —AI| =0

|5— A 2
Hence, 1, = 1,4, = 6 2 2-2
When, 4, =1
G D6)=0) n=1n=-2
Thusv, = ( 12)

When, 4, = 6

G 2)()=0) mmzs=
Thus v, = (i)

Substituting x = py into the differential equation produces
D% =p~lApy+p*h=Dy+pTh
1

E —
")=G DED+EG 0
No:/v, the first row gives

1
yit+ \/_g(t_ 2)
6y, +\/%(2t +1)

1
Dsy, = \/%(t — 2) by equation (5), we get

1 1 /1 2
S%Yl(s) - D_(l‘g)yl(o) = = <s_2 _ E)

|=(-6G-1
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ssyl(s)—c = - )byequanon (7), we get

L
S
e ) ey
t)=c 11 — 111 e 16
V1 T s 55 \/ﬁ 55
Similarly
) tSE (6t5)+2t5E (6t5)+1 t5E <6t5)
=cC 11 - 111 = 16
Y2 2 N V5 e

Thisexample |nvest|gatesthe analyticalsolution of a non-homogeneous system of fractionaldifferentialequations of order

<|I

%; subsequently, the fractionalLaplace transformis applied tosolve the resultingequations. Relies on the two- parameter
Mittag—LefflerEaﬁ, which serves as the crucial mathematicaltool for deriving the explicit solutions for the variables y, (t)
and y,(t)

Example 3.3

. 2
Solve the homogeneous system of fractional-order system when a = 3

x{ 1 3 =3\ /%
Xe=(x¥)|=(1 -1 1 Xy | = Ax
x§ -1 -1 3/ \X3

Replacing x = py forms a simple system, withp = (V1 VY, V3)
The eigenvalues A satisfy |[A — AI| =0

INT =Y

- 3 -3
1 -1-2 1 |=A-1DA+2)1—-4) =0
-1 -1 3—-4
Hence 4, =1, 1, =-2, ;=4
Whenl, =1
0 3 -3\/" 0
(1 % 1)()/)(0) Vs lr=ine1
-1 -1 2/\r3 0
1
Thusv, =11
1
1 1
Similarly 1,,1; we getv, = (—1) , U3 = ( 0 )
0 -1
Hence
1 1 1
P= <1 -1 0 >
1 0 -1
Then

/1 11
p'1=§ 1 -2 1
1 1 =2

Substitutingx =py
=p~'4py =Dy

(e 29

Vs
First rowyields

%)
2)’2)
y (
k 2) 4y
Vs

By Laplace transform, we get

2
L{ylg} = L{y,}
5§Y1(S) —c¢; = Y;(s) where ¢; = D_(l‘g) y,(0)
Y,(s) =

s3—1

By equation (7), we get
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1 2z
y,(t) = c,t 3 E22 (t3)

()

33
2
(+7)
Conclusion

Currently, itis of paramountimportancetostudydifferentialequationsand fractional operationsin the matrix framework.
Further, we present analyticaltechniquesfor solving fractional differentialequation systemswithrealsymmetric matrices
using Laplace transform and Mittag-Leffler function methods with some illustrative examples

Similarly
-1
y,(t) = c,t 3 E;

wIN
N

g

w

-1
y3(t) =c5t3E2
5

wWIN
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    e  z


      y ′ + y = 0


    E  r , s  ( z ) =   ∑  k = 0 ∞      z  k  Γ    ( r k + s ) ′         r , s > 0     , r , s ∈ ℝ   ,   z ∈ ℂ                        


  Γ ( z )


  Γ  ( z ) =   ∫ 0 ∞    e  − t     t  z − 1 dt   ,                   ( Re   z   > 0 )                                                                                                           ( 1 )


    Γ  ( z + 1 ) = z Γ  ( z ) ,   and   Γ  ( z ) =  ( z − 1 ) ! ,   z ∈ ℕ                        


      n ∈ ℕ


      D     R  t  𝛼


  𝛼 ∈ ( n − 1 ,   n ]


    v


      D     R  t  𝛼 v  ( t ) =  1  Γ  ( n − 𝛼 )     d  n  d   t  n   ∫ 0  t     ( t − 𝜁 )  n − 𝛼 − 1 v  ( 𝜁 ) d 𝜁   ,   t > 0 .                                                                     ( 2 )


  𝛼


  f ( t )


  ( 0 ,   ∞ )


   [ 0 ,   ∞ ) .


  v ( t )


  𝛼 > 0 ,


  𝜁 > 0


          I   a    t  𝛼 v  ( t ) =  {     1  Γ  ( 𝛼 )   ∫  𝛼  t    v ( 𝜁 )     ( t − 𝜁 )  1 − 𝛼 d 𝜁 ,       𝛼 > 0     f  ( t )                                                       ,         𝛼 = 0                                                                                                                             ( 3 )


  v :    ℝ +   →   ℝ


  𝛼   ∈  ( n − 1 ,   n ) ,   n ∈ ℕ ,  


      D  0  c    𝛼 v  ( t ) =  1  Γ  ( n − 𝛼 )   ∫ 0  t     ( t − 𝜁 )  n − 1 − 𝛼       v   ( n )    ( 𝜁 )   d 𝜁                                                                           ( 4 )


      ℒ  [     D  0    t  𝛼 h  ( t ) ] =   S  𝛼 ℒ  [     D  0    t  𝛼 h  ( t ) ] −   ∑  k = 0  m − 1    S  k     D  0    t  𝛼 − k − 1   h  ( t )  |     t = 0   ,                                                               ( 5 )


  m − 1 ≤ 𝛼 < m ∈  ℤ +   ,   t > 0                                          


  m − 1 ≤ 𝛼 < m ∈  ℤ +   ,   t > 0                                          


  ℒ  [     D  0    t  𝛼 h  ( t ) ] =       S  𝛼 ℒ    [     D  0    t  𝛼 h  ( t ) ] −   ∑  k = 0  m − 1    S  𝛼 − K − 1    h  k    ( 0 ) ,  


  m − 1 < 𝛼   ≤ m ∈    ℤ + ,   t > 0


    E  r , s    ( z ) =   ∑  k = 0 ∞      z  k    Γ  ( r k + s ) ′                                                                                                                                                 ( 7 )


  r , s > 0


  r = s


    E  r , r    ( z ) =   ∑  k = 0 ∞      z  k     ( r k + r ) ′           r > 0                                                                                                                                                             ( 8 )


  s = 1


    E  r , 1    ( z ) =   ∑  k = 0 ∞      z  k  Γ    ( r k + 1 ) ′             r > 0 .                                                                                                                                                                      


  r = 1


    s = 1


    E  1 , 1      ( z ) =     ∑  k = 0 ∞      z  k  Γ  ( k + 1 ) =   ∑  k = 0 ∞      z  k  k !   = e  z                                                                                                                                                                 ( 10 )


  r > 0 ,   s > 0 ,


    E  r , s = z   E  r , r + s  ( z ) +  1  Γ  ( r )


  k = n + 1


    E  r , s  ( z ) =   ∑  n = − 1 ∞      z  n + 1  Γ  ( r  ( n + 1 ) + s )                                          


  =         ∑  n = − 1    ∞        z  n + 1  Γ  ( r n + r + s )          


  =         ∑  n = − 1    ∞        z  n + 1  Γ  ( r n + r + s )          


            =     z 0  Γ  ( s ) +   ∑  n = 0 ∞      z  n + 1  Γ  ( r n + r + s )


            =     z 0  Γ  ( s ) +   ∑  n = 0 ∞      z  n + 1  Γ  ( r n + r + s )


  =  1  Γ  ( s ) + z   E  r , r + s  ( z )                          


    E  r , s  ( z ) =  1  r Z   E  r , s − 1  ( z ) −   s − 1  r z   E  r , s  ( z )


  r   a n d   s


    E  1 , 2  ( z ) =   ∑  k = 0 ∞      z  k  Γ  ( k + 2 ) =  1  z   ∑  k = 0 ∞      z  k + 1   ( k + 1 ) ! =     e  z − 1  z


    E  2 , 1  (   z 2 ) =   ∑  k = 0 ∞      z  2 k  Γ  ( 2 k + 1 ) =   ∑  k = 0 ∞      z  2 k   ( 2 k ) ! =  cosh ⁡  z


    E  2 , 1  (   z 2 ) =   ∑  k = 0 ∞      z  2 k  Γ  ( 2 k + 1 ) =   ∑  k = 0 ∞      z  2 k   ( 2 k ) ! =  cosh ⁡  z


    E  2 , 2  (   z 2 ) =   ∑  k = 0 ∞      z  2 k  Γ  ( 2 k + 2 ) =   ∑  k = 0 ∞      z  2 k + 1  z  ( 2 k + 1 ) ! =    sinh ⁡  z  z


    E  2 , 2  (   z 2 ) =   ∑  k = 0 ∞      z  2 k  Γ  ( 2 k + 2 ) =   ∑  k = 0 ∞      z  2 k + 1  z  ( 2 k + 1 ) ! =    sinh ⁡  z  z


    E  2 , 1  ( −   z 2 ) =   ∑  k = 0 ∞       ( −   z 2 )  k  Γ  ( 2 k + 1 ) =   ∑  k = 0 ∞       ( − 1 )  k   z  2 k   ( 2 k ) ! =  cos ⁡  z    


    E  2 , 2  (   − z 2 ) =   ∑  k = 0 ∞       (   − z 2 )  k  Γ  ( 2 k + 2 ) =   ∑  k = 0 ∞       ( − 1 )  k   z  2 k + 1  Γ  ( 2 k + 1 ) ! =    sin ⁡  z  z


    D  𝛼 X  ( t ) = A X  ( t ) + h  ( t )                                                                                                                                   ( 11 )  


  t


      X  ( t ) =  (      x  1  ( t )   ⋮     x  n  ( t ) )  


    v 1 , … ,   v  n


    𝜆 1 , … .   𝜆  n


  X  ( t ) = P Y ( t )


  P =  [      v 1  … …    v  n ]


    D  𝛼 P Y  ( t ) = A  ( P Y  ( t ) ) + h  ( t )                                                                                                                               ( 12 )


  P   D  𝛼 Y  ( t ) = A P Y  ( t ) + h  ( t )                                                                                                                                   ( 13 )


    D  𝛼 Y  ( t ) =   P  − 1 A P Y  ( t ) +   P  − 1   h  ( t )                                                                                             ( 14 )


    D  𝛼 Y  ( t ) =   P  − 1 A P Y  ( t ) +   P  − 1   h  ( t )                                                                                             ( 14 )


    D  𝛼 Y  ( t ) = D Y  ( t ) +   P  T h  ( t )                                                                                                                               ( 15 )


    D  𝛼 Y  ( t ) = D Y  ( t ) +   P  T h  ( t )                                                                                                                               ( 15 )


  g  ( t ) =   P  T h  ( t )


    D  𝛼 Y  ( t ) = D Y  ( t ) + g  ( t )                                                                                                                                                                     ( 16 )


   (      y 1  𝛼   ⋮     y  n  𝛼 ) =  (      𝜆 1  ⋯  0   ⋮  ⋱   𝜆 2  ⋮   0  ⋯    𝜆  n )  (      y 1   ⋮     y  n ) +  (      g 1  ( t )   ⋮     g  n  ( t ) )                                                                                       ( 17 )


    D  𝛼   Y  i =   𝜆  i   Y  i +   g  i  ( t )                                                                                                                                                                                         ( 18 )


  ℒ  {   D  𝛼   y  i } = ℒ  {   D  n  [   D  −  ( n − 𝛼 )   y  i   ]   }                                                                                                                                                                     ( 19 )


  =   s  n ℒ  {   D  −  ( n − 𝛼 )     y  i } −   ∑  i = 1  n    s  n − i   D  i − 1 −  ( n − 𝛼 )     y  i  ( 0 )                                                                                                         ( 20 )


  =   s  n ℒ  {   D  −  ( n − 𝛼 )     y  i } −   ∑  i = 1  n    s  n − i   D  i − 1 −  ( n − 𝛼 )     y  i  ( 0 )                                                                                                         ( 20 )


  =   s  n  [   s  −  ( n − 𝛼 )   Y  i  ( s ) ] −   ∑  i = 1  n    s  n − i   D  i − 1 −  ( n − 𝛼 )     y  i  ( 0 )                                                         ( 21 )


  =   s  n  [   s  −  ( n − 𝛼 )   Y  i  ( s ) ] −   ∑  i = 1  n    s  n − i   D  i − 1 −  ( n − 𝛼 )     y  i  ( 0 )                                                         ( 21 )


  =   s  𝛼   Y  i  ( s ) −   ∑  i = 1  n    s  n − i   D  i − 1 − n + 𝛼   y  i  ( 0 )                                                                                                                         ( 22 )


  =   s  𝛼   Y  i  ( s ) −   ∑  i = 1  n    s  n − i   D  i − 1 − n + 𝛼   y  i  ( 0 )                                                                                                                         ( 22 )


  𝛼 =  1 5


    X  𝛼 =  (      x 1  𝛼     x 2  𝛼 ) =  (    5  2   2  2 )  (      x 1     x 2 ) +  (    t   1 )


  X = p y


  P =  (      v 1    v 2 )


    𝜆


  A


   | A − 𝜆 I | = 0


   |    5 − 𝜆  2   2  2 − 𝜆 | =  ( 𝜆 − 6 )  ( 𝜆 − 1 )                  


    𝜆 1 = 1 ,   𝜆 2 = 6


    𝜆 1 = 1


   (    4  2   2  1 )  (      𝛾 1     𝛾 2 ) =  (    0   0 )    


    𝛾 1 = 1 ,   𝛾 2 = − 2


    v 1 =  (    1   − 2 )


    𝜆 2 = 6


   (    − 1  2   2  − 4 )  (      𝛽 1     𝛽 2 ) =  (    0   0 )     ,     𝛽 1 = 2 ,   𝛽 2 = 1    


      v 2 =  (    2   1 )


  x = p y


    D  𝛼 y =   p  − 1 A p y +   p  − 1 h = D y +   p  T h


   (      y 1   1 5     y 1   1 5 ) =  (    1  0   0  6 )  (      y 1     y 2 ) +  1   5  (    1  − 2   2  1 )  (    t   1 ) =  (      y 1 +  1   5  ( t − 2 )     6 y 2 +  1   5  ( 2 t + 1 )             )          


        D   1 5   y 1 =  1   5  ( t − 2 )


    s   1 5   Y 1  ( s ) −   D  −  ( 1 −  1 5 )   y 1  ( 0 ) =  1   5    (  1    s 2 −  2  s )        


    s   1 5   Y 1  ( s ) − c =  1   5  (  1    s 2 −  2  s )  


    y 1  ( t ) =   c 1   t    − 4 5   E   1 5 ,  1 5  (   t   1 5 ) +  1   5   t   6 5   E   1 5 ,  11 5  (   t   1 5 ) −  2   5   t   1 5   E   1 5 ,  6 5  (   t   1 5 )        


    y 2  ( t ) =   c 2   t    − 4 5   E   1 5 ,  1 5  ( 6   t   1 5 ) +  2   5   t   6 5   E   1 5 ,  11 5  ( 6   t   1 5 ) +  1   5     t   1 5   E   1 5 ,  6 5  (   6 t   1 5 )                    


   1 5 ;


    E  𝛼 , 𝛽


    y 1  ( t )


      y 2  ( t )


  𝛼 =  2 3        


    X  𝛼 =  (      x 1  𝛼     x 2  𝛼     x 3  𝛼 ) =  (    1  3  − 3   1  − 1  1   − 1  − 1  3 )  (      x 1     x 2     x 3 ) = A x      


  x = p y


  p =  (      v 1    v 2    v 3 )


  𝜆


   | A − 𝜆 I | = 0  


   |    1 − 𝜆  3  − 3   1  − 1 − 𝜆  1   − 1  − 1  3 − 𝜆 | =  ( 𝜆 − 1 )  ( 𝜆 + 2 )  ( 𝜆 − 4 ) = 0          


    𝜆 1 = 1 ,     𝜆 2 = − 2 ,       𝜆 3 = 4


    𝜆 1 = 1


   (    0  3  − 3   1  − 2  1   − 1  − 1  2 )  (      𝛾 1     𝛾 2     𝛾 3 ) =  (    0   0   0 )     ,     𝛾 1 = 1 ,   𝛾 2 = 1 ,   𝛾 3 = 1              


    v 1 =  (    1   1   1 )


    𝜆 2 ,   𝜆 3


    v 2 =  (    1   − 1   0 )   ,       v 3 =  (    1   0   − 1 )            


  P =  (    1  1  1   1  − 1  0   1  0  − 1 )        


    p  − 1 =  1 3  (    1  1  1   1  − 2  1   1  1  − 2 )          


  x = p y


    D  𝛼 y =   p  − 1 A p y = D y


   (      y 1   2 3     y 2   2 3     y 3   2 3 ) =  (    1  0  0   0  − 2  0   0  0  4 )    (      y 1     y 2     y 3 )          


   (      y 1   2 3     y 2   2 3     y 3   2 3 ) =  (      y 1   − 2   y 2   4   y 3 )                


  ℒ  {   y 1   2 3 } = ℒ  {   y 1 }        


    s   2 3   Y 1  ( s ) −   c 1 =     Y 1  ( s )      


      c 1 =   D  −  ( 1 −  2 3 )     y 1  ( 0 )              


    Y 1  ( s ) =     c 1    s   2 3 − 1          


    y 1  ( t ) =   c 1   t  −  1 3     E   2 3 ,  2 3    (   t   2 3 )      


    y 2  ( t ) =   c 2   t    − 1 3   E   2 3 ,  2 3  ( − 2   t   2 3 )            


    y 3  ( t ) =   c 3   t    − 1 3   E   2 3 ,  2 3  ( 4   t   2 3 )


    y 3  ( t ) =   c 3   t    − 1 3   E   2 3 ,  2 3  ( 4   t   2 3 )

