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Abstract

In this paper, we investigate the existence and uniqueness of solutions for the Bagley-Torvik equation involving the
Hilfer fractional derivative. By transforming the original fractional integro-differential equation into an equivalent
integral equation, the problem is reformulated in a framework suitable for fixed-point analysis. The existence of at
least one solution is established by applying the Schauder fixed-point theorem, while the uniqueness of the solution
is obtained under an appropriate Lipschitz-type condition using the Banach contraction principle. The proposed
approach provides a rigorous theoretical framework for analyzing Bagley-Torvik equations with Hilfer fractional
derivatives.
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Introduction and Preliminaries

Bagley-Torvik-type problems have been extensively studied. One can find detailed accounts of recent work involving these
problems and the following operators in [10,14].

Caputo, Riemann-Liouville, Hadamard, Hadamard-Caputo, and generalized fractional derivatives. We propose considering
the Hilfer fractional derivative operator, which encompasses the Caputo and the Riemann-Liouville operators and has
received significant attention because it is involved in the equations under investigation.

In this paper, we will talk about a topic that has been recently circulated and has received increasing attention, which is the
Bagley-Torvik problem, as it is considered one of the most important fractional differential equations, combining integer
derivatives and fractional derivatives. The Bagley-Torvik derivatives at the same time. The problem is also a generalization of
both the Caputo derivative and the Riemann-Liouville derivative.

Definition 1
Bagley-Torvik problem is a second-order differential equation that contains a fractional derivative, and its known formula:

aD%x(t) + bD¥2x(t) + cx(t) = f(t, x(t))
Initial conditions

x(0) = x,, x (0) = x,

where D3/2 s a fractional derivative. It was chosen a = 3/2 notrandom. because this test provides a suitable mathematical
framework for analyzing the equation and allows converting it into an integral equation and studying the existence of a
solution for it using the fixed point theory.

Definition 2
Let @ € (1,2),8 € [0,1], f € Ly and (I4-P@=9f)(t) € AC?(I) The Hilfer fractional derivative of order @ and type f8 of f is
defined as:
2
(D¥BF) () = (113(2‘“)%1(1‘5)(2‘“) f) (t) fora.e. t€l, 1<a<2.
There are special cases that must be mentioned
When = 0 we obtain the Riemann-Liouville derivative:
2
DEOF () = S I DF(8).
When 8 = 1 we obtain the Caputo derivative:

DELF(E) = 140 £ (0).

Therefore, the initial conditions with Hilfer are given in the following form:
—B)(2- d —_B)(2—
10-PC-0x(0) = x, , 5(1(1 PI2=0)x)(0) = x;.

Theorem 1.1.[8]

The fractional integral operators send L4[0, b] continuously into L,[0,b] if p € [1, oo]satisfy q > 1/(a + (1/p)) (a deep
result from interpolation theory implies that even g = 1/(a + (1/p)) is allowed if 1 < p < ). In particular, [*: L,[0,b] —
Lp[0,b] is compact for each p € [1, «].

Theorem 1.2. (Kolmogorov Compactness Criterion) [6].
The bounded subset Q) of Lp(O,l) is relatively compactif, and only if
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lim 1 T,0x = xl,, = 0,
uniformly on Q, that is
1 qt+h
11m {x c Q||Thx - xlle} = 0, where Tx(t) = th x(s) ds.

Theorem 1.3. (Schauder fixed point theorem) [4]

Let U be a convex subset of a Banach space F, and T:U — U is a compact, continuous map (that is, a completely
continuous map). Then T has at least one fixed pointin U.

In other words:

Let U be a compact convex subset of a Banach space F,and T:U — U is a continuous map. Then T has at least one fixed
pointin U.

Theorem 1.4. (Banach fixed point theorem) [4, 6]

Let (U, ||. ]]) be a nonempty complete normed space. Let T: U — U be a map such that for every u, v € U the relation
IT, — Tl <Allu—vl, 0=2<1,

holds. Then the operator Thas a unique fixed pointu € U.

Lemma 1.
LetB € (m—1,m),m € Nand a > B.If f is a function such that ' f f € ACm[O b], then

a k—1
JaDB f = eBf _ Z Ol (L.1)
In particular
— ra—k-1 I
1“pef = f - ;W[D KT ()] g (12)

If« € (0,1) it follows

I“Def = f — ﬁll‘“f(o) —f,  if feclo,bl.

We conclude this section by stating the following fixed point theorem, which is a trivial application of the fixed point index
of a compact operator T: Q@ — K in the ”Absolute neighborhood retract” of a closed convex cone Kon Qwhere @ = B, N K
(for details, cf. e.g. ([4, 23, 24]).

Note that converting the Bagley-Torvik equation from the fractional differential form to the integral form allows the use of
functional analysis tools such as fixed point theory to prove the existence of a solution.

Existence and Uniqueness for Bagley-Torvik problem with Hilfer operator
We address the existence of integrable solutions for the fractional Bagley-Torvik problem represented by a polynomial
fractional differential equation formulated as follows

AD*Bx(t) + BD /26x(¢) + Cx(t) = £ (&, x(0(®)))

[0-PE-Dx(0) = x, (2.1)

d
_t[(l—l?)(Z—a)x(()) =x

Wheret € (0,1),a =3/2,0<f<1, n—-1<a<n.
We now convert Equation (1) into an integral equation. We move BD3/2'ﬁx(t) + Cx(t) to the other side, so it becomes:
AD*Fx(t) = —BD3/2Ex(t) — Cx(t) + f(t, x(o(®)))
We divide both sides of the equation by A
1 B Cc
2,8 = = — —p3/2B _
D?Fx(0) = —f (tx(o®)) T D/2x(t) = —x(t)
We now apply the fractional integration operator I? to both sides
1
PD*x(t) = S I°f (t x(<p(t))) 1203/2ﬁx(t) - —12x(t)
We now calculate IzDz'ﬁx(t) using the Hilfer property

1°D%Fx(t) = x — [Wl(l A= “)x]
t=0

Sincen=2,a =2, for

A-pn-a)=>10-p2-2)=0

JA-B(2-2) = J0 — |

Then

So, it becomes
12D%*Px(t) = x(t) — x(0) — tx'(0)
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And among the initial conditions x(0) = x, ,x'(O) = x.
I2D%Px(t) = x(t) — xo — tx;
12D3/2Bx(t) account,we havea = 3/2,n =2
Using the property of composition of integrals and derivatives, we obtain:
I?D3/2 = [V/2 any I*D3/2Px(t) = I*/?x(t)
We group the terms.

x(t) — xp — tx =—Ell/zx(t)—glzx(t)+112f(t x(p(®))
oT =Ty A al Texe

x(t) = xo + tx =—Ell/zx(t)—Elzx(t)+112f(t x(p(®))
ot =Y A Al Texe

Our investigation is based on reducing the problem formally (1) into the Volterra integral equation
(cf. Lemma 1)

x(t) = xo + tx; —

43 1/2
AF(l/Z)f (t—s)"V x(s)ds—A—r(z)f (t- s)x(s)ds+Ar(2)f (t— s)f s, x(<p(5)))

x(t) = xo + tx; — —8)"Y2x(s)ds

B
AT (1/2) fo (¢
— %J; (t — s)x(s)ds + %fo (t—9)f (s,x(go(s))) ds. (2.2)

This is the Volterra integral equation.

Assumptions

1. Let f:(0,1) X R — R satisfy the Carathéodory conditions.

(a) Forevery t € (0,1), f(t,.) is continuous.

(b) Foreveryx € R, f(.,x)is measurable.

(c) Thereis a function a € L,(0,1) and a constant b > 0 such that

If(t,x)| < a(t) + b(t)|x|, foreacht € (0,1),x € R,

2. Let ¢:(0,1) = (0,1) is nondecreasing, absolutely continuous, and there is a constant M > 0 such that ¢ /(t) >
M a.eon (0,1).

3.A# 0,Thereisr > 0suchthatM + kr <r.

[x1| | llall 2|B| IC| b
Where M = |x +—+ and k = —— .
|xol 214 |A|F(1/2) 214] | 214|M

Thus, we are in a position to formulate and prove the following.

Theorem 2.1.
Assume that hypotheses 1-2 are satisfied. Then the fractional Bagley-Torvik problem (2.1) admits at least one solution
x € L,(0,1). Furthermore, if

2|B| IC|  suplb(t)l

|AIr(1/2) ~ 2|A]  2]AIM
then Problem (2.1) possesses a unique solution in L;(0,1). Moreover, by the integral representation property of the Hilfer
fractional derivative, Problem (2.1) is equivalent to the integral equation (2.2). Consequently, we define the operator
T:L,(0,1) - L;(0,1)

<1, (2.3)

by
(Tx)(t) = xo + txg

B ‘ -1/2
—mL (t—S) / X(S)dS

_ %fot(t —s)x(s)ds + %J:(t —-s)f (s,x(ga(s))) ds. (2.4)

We demonstrate that

T:L,(0,1) -» L;(0,1)
Based on the hypothesis |f (¢, x)| < a(t) + b(t)|x|
And subsequently

ITx]| < |xo] +f letldt+|A| f(t—s) I (5. x(0(s)))| ds| at

IBI

W(l/)f ot = ) Vex(ds| de — || [ [ - )le(s) | ds| ae
< Ixol + 24 [ it - 5) | f(s x(()))| dsdt

IAIF“i/ )f f (t S)_1/2|x(<p(s))|ds dt — |§| fol fot(t - 9)|x(e(s))|ds at
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< |xo| +ﬂ+ f J-(t —s)|a(t) + b(t)lx(<p(s))|| dsdt
00

|A|1|"E(q/)f INGEDN /Z|x(‘l’(5))|ds dt — | |f1ft(t—5)|x(<p(s))|dsdt

< |xo| + u+ f f(t —s)a(t) dsdt + J- f(t —s)b()|x(p(s))| dsdt

|A|I|"E(q/)f INGEDN /Z|x(‘P(S))|d5 dt —l |f Jy @t = 9)|x(e(s))| ds dt

Interchangingthe order of integratlon implies
J-f(t —-s)” /2|x((p(s))|ds dt = flx(go(s))l(f(t ) /Z)dtds

G S) /2

= [ lx(p)) =2(1-s5)2<2.

S
Analogously, we have

| [ &= 9lxto)lds de = [1xtoe([ ¢ - sydas
00 0 s

[ a-9 1
— [IxoenI =5 ds <5
0

Also, from the hypothesis ¢ ‘W=M>0
Jo Jy (¢ = 9)a(®) dsdt + [ [ = ) bOlx(p(s)] dsde = E2
+%sup|b| follx((p(s))|ds = M-l_%z\y’l x|l

2

Consequently
| | 1 sup|b(t)| 2|B| IC]
a llall + llxIl + [l +
2|A| 2|1AlM |AIr(1/2) 2|A|
All terms on the right side are finite because x € L,(0,1), a € L;(0,1). Than ||Tx|| < =
And consequently, Tx € L,(0,1) and

ITx]l < |xo| + == llxIl

T:L,(0,1) - L;(0,1)

Let'stake B, = {x € L;(0,1): [|x]| < r}
At that point ||Tx|| < Cy + K where:

lx1| | llall 2|B| IC|  suplb(®)l

Co = Ixol + =+ 30 K= ray T 2ia1 T 2am

From (2.3) choose r > 0 suchthat C, + K < r.Hence, T(B,) € B,.
If x,, = x in L;(0,1), then from the Carathéodory conditions, we obtain Tx, — Tx Therefore, T is continuous. Since the
integral kernel (t — s), (t — s)~'/? is integrable, T(B,) is a bounded and equi-integrable set. Thus, using Kolmogorov (1.2) in
L.
T(B,) is a relatively compact set. if T is a completely compact operator. Since B, is a convex and closed set, T(B,) € B,, T
is a continuous and completely compact operator, then Schauder’s theorem (1.3) guarantees the existence of an x € B,
suchthat Tx = x meaning x is a solution to the integral equation and, consequently, a solution to the Bagley-Torvik problem
involving the Hilfer derivative.
Now, to prove the uniqueness of the solution, we add to the hypotheses of the antecedent of the Lipschitz condition that
there is a constant L > 0 such that

lft,x) = fEI<Lllx-yl, te©1), =xyeR

2|B| et
+
lAlr(1/2) 2|4l 2|A|M

And that:

Proof: Let x,y € L;(0,1) and we have
We take the standard

I7x =Tyl = [ 1@ - (ry)©lde
And using the triangle inequality
ITx — Ty|| < ﬁjH x(s) —y(s)l Ol(t - S)_l/zdt) ds
~A|Ir(/2)

|A| j (t - )Ix(s) — y(s)|dsdt
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+iflftt—| () - | dsdt
INRGRECOROIE

L BT L fll (9() — y(p())d
S —————||1X — — || X — -_— X S - S S
a2y 2 T g T Y T gpay ), D T
From hypothesis ¢ “(t) = M > 0 we obtain:
I =Tyl = ol =yl + 90l =yl + 5 e
=y T T o T gAY

2|B| IC] L
< ll2x — I
|AIr(1/2) -~ 2|A] - 2|AIM
From the Lipschitz condition
ITx — Tyll < kllx — yll
We have
2|B| |C] L
= + + .
|AIr(1/2)  2|A|  2|A|M
And from the hypothesis k < 1, if Tis a contraction mapping on L,(0,1) , then by the Banach fixed point Theorem (1.4), there
exists a unique element x € L;(0,1) such that Tx = x, That is, the integral equation has a unique solution, and
consequently, (2.1) has a unique solution. which completes the proof.
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  a   D 2 x  ( t ) + b   D   3 2 x  ( t ) + c x  ( t ) = f  ( t , x  ( t ) )


    x  ( 0 ) =   x  0   ,       x ˊ  ( 0 ) =   x 1


    D   3 2


  𝛼 =  3 2


  𝛼 ∈  ( 1 , 2 ) ,   𝛽 ∈  [ 0 , 1 ] ,   f ∈   L 1   a n d    (   I   ( 1 − 𝛽 )  ( 2 − 𝛼 ) f )  ( t ) ∈ A   C 2 ( I )


  𝛼   a n d  


  𝛽  


  f


   (   D  𝛼 , 𝛽 f )  ( t ) =  (   I  𝛽  ( 2 − 𝛼 )     d 2  d   t 2   I   ( 1 − 𝛽 )  ( 2 − 𝛼 )   f )  ( t )   f o r   a . e .       t ∈ I ,         1 < 𝛼 < 2


  𝛽 = 0


    D  𝛼 , 0 f  ( t ) =     d 2    d t 2   I   ( 2 − 𝛼 ) f  ( t ) .


  𝛽 = 1


    D  𝛼 , 1 f  ( t ) =   I   ( 2 − 𝛼 )     d 2    d t 2 f  ( t ) .


    I   ( 1 − 𝛽 )  ( 2 − 𝛼 ) x  ( 0 ) =   x  0   ,           d  d t (     I   ( 1 − 𝛽 )  ( 2 − 𝛼 ) x )  ( 0 ) =   x 1 .


       L q  [ 0 , b ]


   L p  [ 0 , b ]   if   p ∈  [ 1 , ∞ ] satisfy   q >  1  ( α + (  1  p ) )


  q =  1  ( α + (  1  p ) )


  1 < p < ∞ ) .


   I α :  L p  [ 0 , b ] →  L p  [ 0 , b ]


  p ∈  [ 1 , ∞ ] .


    Ω  


    L  p  ( 0 , 1 )


     lim  h → 0 ⁡     ‖   T h x − x ‖    L  p = 0 ,


  Ω


     lim  h → 0 ⁡   {    s u p   x ∈ Ω    ‖   T h x − x ‖    L  P } = 0 ,


    T h x  ( t ) =  1 h   ∫  t  t + h  x  ( s ) d s .  


  U  


  F


  T : U → U


  T


  U


  U  


  F


  T : U → U


  T


  U


   ( U ,  ‖ . ‖ )


    T : U → U  


  u , v ∈ U


   ‖   T  u −   T  v ‖ ≤ 𝜆  ‖ u − v ‖ ,       0 ≤ 𝜆 < 1   ,


  T


  u ∈ U .


  𝛽 ∈  ( m − 1 , m ) ,   m ∈ ℕ


  𝛼 ≥ 𝛽 .


  f


    I  m − 𝛽 f ∈ A   C  m  [ 0 , b ] ,


    I  𝛼   D  𝛽 f =  I  α − β f −   ∑  k = 0  m − 1      t  𝛼 − k − 1  г ( 𝛼 − k )    [   D  m − k − 1   I  m − 𝛽 f ( t ) ]  t = 0                                         ( 1 . 1 )


    I  𝛼   D  𝛼 f = f −   ∑  k = 0  m − 1      t  𝛼 − k − 1  г  ( 𝛼 − k )    [   D  m − k − 1   I  m − 𝛼 f  ( t ) ]  t = 0                                                   ( 1 . 2 )


  𝛼 ∈ ( 0 , 1 )


    I  𝛼   D  𝛼 f = f −     t  𝛼 − 1  г  ( 𝛼 )   I  1 − 𝛼 f  ( 0 ) = f ,     i f   f ∈ C  [ 0 , b ] .


  T : Q → K


  K


  Q


  Q =   B    r 0 ∩ K


  c f .  


   {    A   D  2 , 𝛽 x  ( t ) + B   D   3  2 , 𝛽 x  ( t ) + C x  ( t ) = f ( t , x  ( 𝜑  ( t ) ) )     I   ( 1 − 𝛽 )  ( 2 − 𝛼 ) x  ( 0 ) =   x 0     d  d t   I   ( 1 − 𝛽 )  ( 2 − 𝛼 ) x  ( 0 ) =   x 1                                                                                            ( 2 . 1 )


  t ∈  ( 0 , 1 ) ,   𝛼 =  3  2   ,   0 ≤ 𝛽 ≤ 1 ,     n − 1 < 𝛼 < n .


  B   D   3 2 , 𝛽 x  ( t ) + C x ( t )


  A   D  2 , 𝛽 x  ( t ) = − B   D   3  2 , 𝛽 x  ( t ) − C x  ( t ) + f ( t , x  ( 𝜑  ( t ) ) )


  A


    D  2 , 𝛽 x  ( t ) =    1  A f  ( t , x  ( 𝜑  ( t ) ) ) −   B  A   D   3  2 , 𝛽 x  ( t ) −   C  A x ( t )


    I 2


      I 2 D  2 , 𝛽 x  ( t ) =    1  A   I 2 f  ( t , x  ( 𝜑  ( t ) ) ) −   B  A     I 2 D   3  2 , 𝛽 x  ( t ) −   C  A   I 2 x ( t )


      I 2 D  2 , 𝛽 x  ( t )


      I  𝛼 D  𝛼 , 𝛽 x  ( t ) = x −   ∑  k = 0  n − 1      t  k  k !    [     d  k  d   t  k   I   ( 1 − 𝛽 ) ( n − 𝛼 ) x ]  t = 0


  n = 2   ,   𝛼 = 2 ,   f o r  


   ( 1 − 𝛽 )  ( n − 𝛼 ) =  ( 1 − 𝛽 )  ( 2 − 2 ) = 0


    I   ( 1 − 𝛽 ) ( 2 − 2 ) =   I 0 = I


      I 2 D  2 , 𝛽 x  ( t ) = x  ( t ) − x  ( 0 ) − t   x ˊ ( 0 )


  x  ( 0 ) =   x  0   ,       x ˊ  ( 0 ) =   x 1 .


      I 2 D  2 , 𝛽 x  ( t ) = x  ( t ) −   x 0 − t   x 1


      I 2 D   3  2 , 𝛽 x  ( t )


  𝛼 =  3 2 ,   n = 2


    I 2   D   3 2 =   I   1 2     a n y     I 2   D   3 2 , 𝛽 x  ( t ) =   I   1 2 x ( t )


  x  ( t ) −   x 0 − t   x 1 = −   B  A   I   1 2 x  ( t ) −   C  A   I 2 x  ( t ) +  1  A   I 2 f ( t , x  ( 𝜑  ( t ) ) )


  x  ( t ) =   x 0 + t   x 1 = −   B  A   I   1 2 x  ( t ) −   C  A   I 2 x  ( t ) +  1  A   I 2 f ( t , x  ( 𝜑  ( t ) ) )


  x  ( t ) =   x 0 + t   x 1 = −   B  A   I   1 2 x  ( t ) −   C  A   I 2 x  ( t ) +  1  A   I 2 f ( t , x  ( 𝜑  ( t ) ) )


  x  ( t ) =   x 0 + t   x 1 −   B  A 𝜞 (  1 2 )   ∫ 0  t     ( t − s )  −  1 2 x  ( s ) d s −   C  A 𝜞 ( 2 )   ∫ 0  t   ( t − s ) x  ( s ) d s +  1  A 𝜞 ( 2 )   ∫ 0  t   ( t − s ) f  ( s , x  ( 𝜑  ( s ) ) ) d s .


  x  ( t ) =   x 0 + t   x 1 −   B  A 𝜞 (  1 2 )   ∫ 0  t     ( t − s )  −  1 2 x  ( s ) d s −   C  A   ∫ 0  t   ( t − s ) x  ( s ) d s +  1  A   ∫ 0  t   ( t − s ) f  ( s , x  ( 𝜑  ( s ) ) ) d s .                                                                   ( 2 . 2 )


  x  ( t ) =   x 0 + t   x 1 −   B  A 𝜞 (  1 2 )   ∫ 0  t     ( t − s )  −  1 2 x  ( s ) d s −   C  A   ∫ 0  t   ( t − s ) x  ( s ) d s +  1  A   ∫ 0  t   ( t − s ) f  ( s , x  ( 𝜑  ( s ) ) ) d s .                                                                   ( 2 . 2 )


  f : ( 0 , 1 ) × ℝ → ℝ


  t ∈  ( 0 , 1 ) ,     f  ( t , . )


  x ∈ ℝ   ,     f  ( . , x )


  a ∈   L 1 ( 0 , 1 )


  b > 0


   | f  ( t , x ) | ≤ a  ( t ) + b  ( t )  | x | ,


  t ∈  ( 0 , 1 ) , x ∈ ℝ ,


  𝜑 :  ( 0 , 1 ) →  ( 0 , 1 )


  M > 0


    𝜑 ⸍ ( t ) ≥ M   a . e   o n    ( 0 , 1 )


  A ≠ 0   ,   T h e r e   i s   r > 0


  M + k r ≤ r .


  M =  |   x 0 | +    |   x 1 | 2 +    ‖ a ‖  2  | A |


  k =   2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   b  2  | A | M   .


  x   ∈   L 1  ( 0 , 1 ) .


    2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   s u p  | b ( t ) |  2  | A | M < 1 ,                                                                                                      ( 2 . 3 )  


    L 1  ( 0 , 1 ) .    


  T :   L 1 ( 0 , 1 ) →   L 1 ( 0 , 1 )


  ( T x )  ( t ) =   x 0 + t   x 1 −   B  A 𝜞 (  1 2 )   ∫ 0  t     ( t − s )  −  1 2 x  ( s ) d s −   C  A   ∫ 0  t   ( t − s ) x  ( s ) d s +  1  A   ∫ 0  t   ( t − s ) f  ( s , x  ( 𝜑  ( s ) ) ) d s .                                                                         ( 2 . 4 )    


  T :   L 1 ( 0 , 1 ) →   L 1 ( 0 , 1 )


   | f  ( t , x ) | ≤ a  ( t ) + b  ( t )  | x |


   ‖ T x ‖ ≤  |   x 0 | +   ∫ 0 1   |   x 1 t |   d t +  1   | A |   ∫ 0 1   |   ∫ 0  t   ( t − s )  | f  ( s , x  ( 𝜑  ( s ) ) ) | d s | d t                


                                                                      +    | B |   | A | 𝛤 (  1 2 )   ∫ 0 1   |   ∫ 0  t     ( t − s )  −  1 2 x  ( s ) d s |   d t     −  |   C  A |   ∫ 0 1   |   ∫ 0  t   ( t − s )  | x  ( s ) | d s | d t      


                                                                      ≤  |   x 0 | +    |   x 1 | 2 +   ∫ 0 1    ∫ 0  t   ( t − s )  | f  ( s , x  ( 𝜑  ( s ) ) ) |   dsdt  


                                                                    +    | B |   | A | 𝛤 (  1 2 )   ∫ 0 1    ∫ 0  t     ( t − s )  −  1 2  | x  ( 𝜑  ( s ) ) | d s   d t −  |   C  A |   ∫ 0 1    ∫ 0  t   ( t − s )  | x  ( 𝜑  ( s ) ) | d s d t  


                                                                  ≤  |   x 0 | +    |   x 1 | 2 +   ∫ 0 1    ∫ 0  t   ( t − s )  | a  ( t ) + b  ( t )  | x ( 𝜑  ( s ) ) | |   dsdt  


                                                          +    | B |   | A | 𝛤 (  1 2 )   ∫ 0 1    ∫ 0  t     ( t − s )  −  1 2  | x  ( 𝜑  ( s ) ) | d s   d t −  |   C  A |   ∫ 0 1    ∫ 0  t   ( t − s )  | x  ( 𝜑  ( s ) ) | d s d t  


                                                            ≤  |   x 0 | +    |   x 1 | 2 +   ∫ 0 1    ∫ 0  t   ( t − s ) a  ( t )   dsdt   +   ∫ 0 1    ∫ 0  t   ( t − s ) b  ( t )  | x ( 𝜑  ( s ) ) |   dsdt


                                                +    | B |   | A | 𝛤 (  1 2 )   ∫ 0 1    ∫ 0  t     ( t − s )  −  1 2  | x  ( 𝜑  ( s ) ) | d s   d t   −  |   C  A |   ∫ 0 1    ∫ 0  t   ( t − s )  | x  ( 𝜑  ( s ) ) | d s d t  


    ∫ 0 1    ∫ 0  t     ( t − s )  −  1 2  | x  ( 𝜑  ( s ) ) | d s   d t =   ∫ 0 1   | x ( 𝜑  ( s ) ) | (   ∫  s 1    ( t − s )   1 2 ) d t d s


                                                                                                                            =   ∫ 0 1   | x ( 𝜑  ( s ) ) |          ( t − s )   1 2   1 2   |  s 1 d s = 2   ( 1 − s )   1 2 ≤ 2 .


    ∫ 0 1    ∫ 0  t   ( t − s )  | x  ( 𝜑  ( s ) ) | d s   d t =   ∫ 0 1   | x ( 𝜑  ( s ) ) | (   ∫  s 1   ( t − s ) ) d t d s


              =   ∫ 0 1   | x ( 𝜑  ( s ) ) |     ( 1 − s ) 2 2 d s ≤  1 2    ‖ x ‖                        


              =   ∫ 0 1   | x ( 𝜑  ( s ) ) |     ( 1 − s ) 2 2 d s ≤  1 2    ‖ x ‖                        


    𝜑 ⸍  ( t ) ≥ M > 0


    ∫ 0 1    ∫ 0  t   ( t − s ) a  ( t )   dsdt   +   ∫ 0 1    ∫ 0  t   ( t − s ) b  ( t )  | x ( 𝜑  ( s ) ) |   dsdt =    ‖ a ‖ 2            


                                                                                        +  1 2 s u p  | b |   ∫ 0 1   | x ( 𝜑  ( s ) ) | d s     =    ‖ a ‖ 2 +   s u p | b |  2 M    ‖ x ‖


                                                                                                           


   ‖ T x ‖ ≤  |   x 0 | +    |   x 1 | 2 +  1  2  | A |  ‖ a ‖ +   s u p  | b ( t ) |  2  | A | M  ‖ x ‖ +   2  | B |   | A | 𝛤 (  1  2 )  ‖ x ‖ +    | C |  2  | A |  ‖ x ‖  


  x ∈   L 1  ( 0 , 1 ) ,     a ∈   L 1  ( 0 , 1 ) .


   ‖ T x ‖ ≤ ∞


    T x ∈   L 1 ( 0 , 1 )


  T :   L 1 ( 0 , 1 ) →   L 1 ( 0 , 1 )


    B  r =  { x ∈   L 1  ( 0 , 1 ) :  ‖ x ‖ ≤ r }


   ‖ T x ‖ ≤   C 0 + K  


      C 0 =  |   x 0 | +    |   x 1 | 2 +    ‖ a ‖  2  | A |     a n d   K =   2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   s u p  | b ( t ) |  2  | A | M


  r > 0  


          C 0 + K ≤ r .


    T  (   B  r ) ⊆   B  r


    x  n → x   i n     L 1 ( 0 , 1 )


  T   x  n → T x


  T


   ( t − s ) ,     ( t − s )  −  1 2


  T (   B  r )


    L 1 .


  T  (   B  r )


    T  


    B  r


  T  (   B  r ) ⊆   B  r ,   T


  x ∈   B  r


  T x = x


  x


  L > 0


   | f  ( t , x ) − f ( t , y ) | ≤ L  | x − y | ,     t ∈  ( 0 , 1 ) ,     x , y ∈ ℝ .


    2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   L  2  | A | M < 1


    x , y ∈   L 1 ( 0 , 1 )


   ‖ T x − T y ‖ =   ∫ 0 1   |  ( T x )  ( t ) −  ( T y ) ( t ) | d t


                           ‖ T x − T y ‖ ≤    | B |   | A | 𝛤 (  1  2 )   ∫ 0 1   |   x  ( s ) − y ( s ) |  (   ∫  s 1     ( t − s )    − 1 2 d t ) d s


      +    | C |   | A |   ∫ 0 1    ∫ 0  t   ( t − s )  | x  ( s ) − y  ( s ) | d s d t                                                                                  


      +    | C |   | A |   ∫ 0 1    ∫ 0  t   ( t − s )  | x  ( s ) − y  ( s ) | d s d t                                                                                  


      +   L   | A |   ∫ 0 1    ∫ 0  t  ( t − s )  | x ( 𝜑  ( s ) ) − y ( 𝜑 ( s ) ) | d s d t                                                        


                                                  ≤   2  | B |   | A | 𝛤 (  1  2 )  ‖ x − y ‖ +    | C |  2  | A |  ‖ x − y ‖ +   L  2  | A |   ∫ 0 1   | x ( 𝜑  ( s ) ) − y ( 𝜑 ( s ) ) | d s


                                                  ≤   2  | B |   | A | 𝛤 (  1  2 )  ‖ x − y ‖ +    | C |  2  | A |  ‖ x − y ‖ +   L  2  | A |   ∫ 0 1   | x ( 𝜑  ( s ) ) − y ( 𝜑 ( s ) ) | d s


  𝜑 ⸍ ( t ) ≥ M > 0


   ‖ T x − T y ‖ ≤   2  | B |   | A | 𝛤 (  1  2 )  ‖ x − y ‖ +    | C |  2  | A |  ‖ x − y ‖ +   L  2  | A | M  ‖ x − y ‖


  ≤  [   2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   L  2  | A | M ]  ‖ x − y ‖


  ≤  [   2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   L  2  | A | M ]  ‖ x − y ‖


   ‖ T x − T y ‖ ≤ k  ‖ x − y ‖


  k =   2  | B |   | A | 𝛤 (  1  2 ) +    | C |  2  | A | +   L  2  | A | M   .


  k < 1


    L 1 ( 0 , 1 )


  x ∈   L 1 ( 0 , 1 )


  T x = x

