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Abstract 
In this article, the method of Natural transform is coupled with Adomian’s polynomials and employed 
to successfully solve the two-dimensional time-fractional order Fisher equation in Caputo’s sense, 
which is well known for modeling reaction-diffusion problems. The reliability and proficiency of the 
method are presented using tables and illustrations for arbitrary values of the fractional order. Indeed, 
the results have proved the effectiveness of the method in solving multi-dimensional fractional order 
differential equations. 
Keywords. Natural Transform, Adomian Polynomials, Reaction-diffusion Equation, Caputo Derivative.  

 

Introduction 
Fractional calculus (FC) has been the center of attraction of modern studies in diverse branches of science, 
due to its vital applications in modeling real-world problems with heritage properties. Moreover, the fractional 
order derivative has the unique ability to apprehend particular features in the diffusion mechanism behavior 
of complex media [1,2].   
In recent decades, tremendously effective techniques involving integral transforms have been introduced and 
adopted to construct the analytical and semi-analytical solutions of both fractional partial differential 
equations (FPDEs) and partial differential equations (PDEs), notably, the Adomian decomposition method 
(ADM), Homotopy Perturbation method (HPM), Homotopy Analysis method (HAM), the Residual Power Series 
method (RPSM), Variational iteration method (VIM), and the General Transform Adomian Decomposition 
Method (GTADM) [3–17]. The Tendency towards coupling these methods with integral transforms, including 
the Laplace transform and the Natural Transform (NT), has gained great attention in recent literature [18–33]. 
In particular, the Natural decomposition method (NDM), which was first established by Rawashdeh and 
Maitama in 2014 [34], has been utilized extensively to solve FPDEs. Further, Rawashdeh [35] has proved 
some NT theorems and properties, validating the effectiveness of the NDM on the Harry Dym equation and the 
nonlinear time-fractional Fisher’s equation in one dimension. Additionally, the One-dimensional time-
fractional generalized Fisher equation has been studied and analyzed using NDM.  
The validation of the scheme was presented via numerical results, yet proven to be a trustworthy method in 
solving such problems [36]. On the other hand, Usman et al. [37] applied the NDM to solve fuzzy fractional 
nonlinear generalized Fisher equations; the series solution was rapidly accurate, plus it has been confirmed to 
be a time-efficient technique. In an article done by Veeresha and Prakasha [38] a two-dimensional fractional 
order biological model was numerically simulated using NDM for various fractional orders, eventually 
affirming the proficiency and reliability of the method in solving multi-dimensional FPDEs. Moreover, two 
interesting studies done by Baranwal et al. and Tchier et al. [39,40] have investigated the solution of the two-
dimensional time fractional Fisher equation utilizing an integration of VIM, ADM, and RPSM, respectively. 
These methods were tested to provide a numerical simulated proof of rapid convergent series solutions.  
Motivated by the research work, we aimed, in this article, to investigate the series solution of the two-
dimensional time-fractional Fisher equation by applying the NDM. The article is organized to recall important 
basic concepts of FC and NT in Section 2. The methodology of the fractional NDM is discussed in detail in 
Section 3. A fully detailed numerical simulation of the solution of the time-fractional Fisher equation in two 
dimensions is illustrated via 2D and 3D profiles were presented in Section 4, in addition to the absolute error 
behavior on various values of time. In Section 5, concluding remarks on the results and findings are given in 
brief. 
 

Preliminaries 
This section recalls the essential definitions and properties of FC and NT [1,2,41–45]. 
Definition 1. [1,2] 

Let 𝑔(𝜏), 𝜏 > 0 be a function in 𝐿([0,1], ℝ) that is sufficiently smooth on ℂ−1
𝑛 , for 𝑛 ∈ ℕ ∪ {0}, then the fractional 

order 𝛾 of Caputo’s derivative of 𝔤(𝜏) is: 
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𝔇𝜏
𝛾
𝔤(𝜏) = {

ℑ𝑛−𝛾𝔤𝑛(𝜏) ,if 𝑛 − 1 < 𝛾 < 𝑛, 𝑛 ∈ ℕ

𝑑𝑛𝔤(𝜏)

𝑑𝜏𝑛
, 𝛾 = 𝑛

 (1) 

where, 𝛾 > 0, ℑ𝑛−𝛾𝔤(𝑛)(𝜏) =
1

Γ(𝑛−𝛾)
∫ (𝜏 − 𝜀)𝑛−𝛾−1𝔤(𝑛)(𝜀)𝑑𝜀
𝜏

0
  is the Riemann-Liouville (R-L) integral of 𝔤(𝑛)(𝜏), and 

Γ(𝜀) = ∫ 𝑒−𝑠𝑠𝜀−1𝑑𝜏
∞

0
, 𝜀 ∈ ℂ is the Gamma function. 

Definition 2. [1,2,43] 

Let 𝔲(𝑥, 𝜏) be a multi-variable function, then the fractional order 𝛾 of Caputo’s fractional derivative is given by: 

𝔇𝜏
𝛾
𝔲(𝑥, 𝜏) =

𝜕𝑢(𝑥, 𝜏)

𝜕𝜏𝛾
=

{
 

 
1

Γ(𝑚 − 𝛾)
∫ (𝜏 − 𝜀)𝑚−𝛾−1

𝜕𝑚𝔲(𝑥, 𝜀)

𝜕𝜀𝑚
 𝑑𝜀

𝜏

0

, 𝑚 − 1 < 𝛾 < 𝑚

𝜕𝑚𝔲(𝑥, 𝜏)

𝜕𝜏𝑚
, 𝛾 = 𝑚 ∈ ℕ

 (2)  

 
Definition 3. [1,2,43] 
 The two parameter Mittag-Leffler function has the infinite series form: 

𝐸𝛾,𝛽(𝜏) =∑
𝜏𝑘

Γ(𝑘𝛾 + 𝛽)

∞

𝑘=0

           , 𝛾, 𝛽 > 0  and  𝜏 ∈ ℂ (3) 

and the following is satisfied: 

If 𝛽 = 1 then 𝐸𝛾(𝜏) = ∑
𝜏𝑘

Γ(𝑘𝛾+1)
∞
𝑘=0  . 

If 𝛾 = 1 and 𝛽 = 1 then 𝐸(𝑡) = ∑
𝜏𝑘

k!

∞
𝑘=0 = 𝑒𝜏  ,  

which is the classical exponential function. 
 
Definition 4.[41,42] 

 The Natural Transform (NT) of a function 𝔤(𝑥𝑖 , 𝜏), is defined as: 

ℕ+[𝔤(𝑥𝑖 , 𝜏)]  = ∫ 𝑒−𝑠𝜏𝔤(𝑥𝑖 , 𝑢𝜏)𝑑𝜏
∞

0

=
1

𝑢
ℒ{𝔤(𝑥𝑖 , 𝜏)} = 𝔊(𝑥𝑖 , 𝑠, 𝑢)       , 𝑠, 𝑢 ∈ ℝ

+ (4) 

where 𝑠 and 𝑢 are the NT parameters, noting that if 𝑢 = 1, we have ℕ+[𝔤(𝑥𝑖 , 𝜏)] = 𝔊(𝑥𝑖 , 𝑠, 1) =  ∫ 𝑒−𝑠𝜏𝔤(𝑥𝑖 , 𝜏)𝑑𝜏
∞

0
=

ℒ{𝔤(𝑥𝑖 , 𝜏)} = 𝔊(𝑥𝑖 , 𝑠) and it is the Laplace Transform of 𝔤(𝑥𝑖 , 𝜏). 
 
Definition 5. [41,42] 
The Inverse NT of Eq. (4) is given by: 

ℕ−[𝔊(𝑥𝑖 , 𝑠, 𝑢)] =
1

2𝜋𝑖
∫ 𝑒−𝑠𝜏𝔊(𝑥𝑖 , 𝑠, 𝑢)𝑑𝑠
𝑞+𝑖∞

𝑞−𝑖∞

= 𝔤(𝑥𝑖 , 𝜏) (5) 

Where 𝑞 ∈ ℝ such that 𝑠 = 𝑥 + 𝑖𝑦 in the complex plane. 
Lemma 1.  [41,42] 

The NT of Caputo fractional derivative of a function 𝔤(𝑥𝑖 , 𝜏) with respect to the variable 𝜏 is defined as:  

ℕ+[𝔇𝜏
𝛾
𝔤(𝑥𝑖 , 𝜏)] =

𝑠𝛾

𝑢𝛾
𝔊(𝑥𝑖 , 𝑠, 𝑢) −∑

𝑠𝛾−(𝑘+1)

𝑢𝛾−𝑘
[ lim
𝜏→0

𝔇𝜏
𝛾
𝔤(𝑥𝑖 , 𝜏)]

𝑛−1

𝑘=0

 (6) 

Lemma 2.  [41,42] 

 The NT of the fractional derivative of a function 𝔤(𝑥𝑖 , 𝜏) with respect to the variable 𝑥 is given by: 

ℕ+[𝔇𝑥
𝛾
𝔤(𝑥𝑖 , 𝜏)] = 𝔇𝑥

𝛾
𝔊(𝑥𝑖 , 𝑠, 𝑢) (7) 

 
The Fractional Natural Decomposition Method (NDM) 
According to Rawashdeh [35] and Belgacem et al. [41], and by considering the following multi-dimensional 
FPDs system of equations: 

𝔇𝜏
𝛾
𝓋𝑖(X, 𝜏) +R𝓋𝑖(X, 𝜏) +N𝓋𝑖(X, 𝜏) = 𝔤𝑖(X, 𝜏) (8) 

𝑚 − 1 ≤ 𝛾 ≤ 𝑚,     𝑚 ∈ ℕ, 𝑖 = 1,2, …𝑛  . 
with the IC of the form: 

𝔇𝜏
𝛾
𝓋𝑖(X, 0) = 𝜑𝑖𝑘𝑖(X) (9) 

𝑚 − 1 ≤ 𝛾 ≤ 𝑚,     𝑚 ∈ ℕ, 𝑖 = 1,2, …𝑛  . 

where 𝔇𝜏
𝛾
=

𝜕𝛾

𝜕𝜏𝛾
 is the Caputo fractional derivative of order 𝛾 (𝑚 − 1 ≤ 𝛾 ≤ 𝑚), X = (𝑥, 𝑦, 𝑧)𝑇, R𝓋𝑖(X, 𝜏) and 

N𝓋𝑖(X, 𝜏) are the operators of linearity and nonlinearity (respectively). 𝔤𝑖(X, 𝜏) is a continuous function 
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representing the source term. The methodology of NDM consists of applying the NT on both sides of Eq. (8), 
yielding: 

ℕ+[𝔇𝜏
𝛾
𝓋𝑖(X, 𝜏)] + ℕ

+[R𝓋𝑖(X, 𝜏) +N𝓋𝑖(X, 𝜏)] = ℕ
+[𝔤𝑖(X, 𝜏)  ] (10) 

 
Using the differentiation property of the NT, we have: 

ℕ+[𝔇𝜏
𝛾
𝓋𝑖(X, 𝜏)] =

𝜑𝑖𝑘𝑖(X)

𝑠
+
𝑢𝛾

𝑠𝛾
ℕ+[𝔤𝑖(X, 𝜏) ] −

𝑢𝛾

𝑠𝛾
ℕ+[R𝓋𝑖(X, 𝜏) + N𝓋𝑖(X, 𝜏)] (11) 

Operating with the inverse NT on both sides of Eq. (11), give rise to: 

𝓋𝑖(X, 𝜏) = 𝜑𝑖𝑘𝑖(X) + ℕ
− [
𝑢𝛾

𝑠𝛾
ℕ+[𝔤𝑖(X, 𝜏) ]] − ℕ

− [
𝑢𝛾

𝑠𝛾
ℕ+[R𝓋𝑖(X, 𝜏) + N𝓋𝑖(X, 𝜏)]] (12) 

Now the method suggests the solution of Eq. (12), to have the infinite series form: 

𝓋𝑖(X, 𝜏) = ∑𝓋𝑖𝑛(X, 𝜏)

∞

𝑛=0

 (13) 

And the nonlinear term N𝓋𝑖(X, 𝜏) is decomposed as infinite series of the form:  

N𝓋𝑖(X, 𝜏) = ∑𝔄 𝑖𝑛

∞

𝑛=0

  (14) 

Where 𝔄𝑖𝑛 is the Adomian polynomials [46]. In view of Eq. (13) and Eq. (14) the solution of 𝓋𝑖(X, 𝜏) Eq. (12) can 
be rewritten as:  

∑𝓋𝑖𝑛(X, 𝜏)

∞

𝑛=0

 = 𝜑𝑖𝑘𝑖(X) + ℕ
− [
𝑢𝛾

𝑠𝛾
ℕ+[𝔤𝑖(X, 𝜏) ]] − ℕ

− [
𝑢𝛾

𝑠𝛾
ℕ+ [R∑𝓋𝑖𝑛(X, 𝜏)

∞

𝑛=0

+ N∑𝔄𝑖𝑛

∞

𝑛=0

]] (15) 

Thus, the recurrence relation takes the form: 

𝓋𝑖0(X, 𝜏) = 𝜑𝑖𝑘𝑖(X) + ℕ
− [
𝑢𝛾

𝑠𝛾
ℕ+[𝔤𝑖(X, 𝜏) ]] (16 𝑎) 

𝓋𝑖𝑗+1(X, 𝜏) = −ℕ
− [
𝑢𝛾

𝑠𝛾
ℕ+[R𝓋𝑖𝑗(X, 𝜏) + 𝔄𝑖𝑛]] (16 𝑏) 

Hence, the 𝑚𝑡ℎ approximate solution of the system in Eq. (8) is: 

𝓋𝑖(X, 𝜏) = ∑𝓋𝑖𝑛(X, 𝜏)

𝑚

𝑛=0

= 𝓋𝑖0(X, 𝜏) + 𝓋𝑖1(X, 𝜏) + 𝓋𝑖2(X, 𝜏) + ⋯+𝓋𝑖𝑚(X, 𝜏) (17) 

eventually, the analytical solution is obtained, as lim
𝑚→∞

𝓋𝑖(X, 𝜏) = 𝓋(X, 𝜏) 

 

Application, Results, and Discussion 
In this section, we are investigating the two-dimensional time-fractional Fisher equation [40] , that is widely 
recognized for modeling a reaction-diffusion real-world phenomena. Consider the following initial value 
problem (IVP): 

𝔇𝜏
𝛾
𝓋(𝑥, 𝑦, 𝜏) =

1

2
(𝜕𝑥

2𝓋(𝑥, 𝑦, 𝜏) + 𝜕𝑦
2𝓋(𝑥, 𝑦, 𝜏)) + 𝓋2(𝑥, 𝑦, 𝜏)(1 − 𝓋(𝑥, 𝑦, 𝜏)) (18) 

With the IC:  

𝓋(𝑥, 𝑦, 0) = 1/(1 + 𝑒
𝑥+𝑦

√2 ) (19) 

where 𝜏 > 0, and the time-fractional order in the Caputo’s approach is 𝔇𝜏
𝛾
 (0 < 𝛾 ≤ 1). The FPDE (18) 

corresponds to the Natural equation: 

𝓋(𝑥, 𝑦, 𝜏) = 𝓋(𝑥, 𝑦, 0) + ℕ− [
𝑢𝛾

𝑠𝛾
ℕ+ [

1

2
(𝜕𝑥

2𝓋(𝑥, 𝑦, 𝜏) + 𝜕𝑦
2𝓋(𝑥, 𝑦, 𝜏)) + 𝓋2(𝑥, 𝑦, 𝜏)(1 − 𝓋(𝑥, 𝑦, 𝜏))]] (20) 

Following the decomposition procedure presented in Section 3 along with Eq. (15), Eq. (16 a) and Eq. (16 b), 
we obtain the recurrence relation of Eq. (20) as:  

𝓋0(𝑥, 𝑦, 𝜏) = 𝓋(𝑥, 𝑦, 0) = 𝜑(𝑥, 𝑦) 

𝓋𝑗+1(𝑥, 𝑦, 𝜏) = ℕ
− [
𝑢𝛾

𝑠𝛾
ℕ+ [

1

2
(𝜕𝑥

2𝓋𝑗(𝑥, 𝑦, 𝜏) + 𝜕𝑦
2𝓋𝑗(𝑥, 𝑦, 𝜏)) + 𝔄𝑗]] , 𝑗 ≥ 0 (21) 

where 𝔄𝑗 =
1

𝑗!

𝑑𝑗

𝑑𝜆𝑗
[N∑ 𝜆𝑖𝓋 𝑖(𝑥, 𝑦, τ)

𝑗
𝑖=1 ]

𝜆=0
, and the subsequent few terms are: 
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𝓋0(𝑥, 𝑦, 𝜏) = 𝓋(𝑥, 𝑦, 0) =
1

ⅇ(𝑥+𝑦) √2⁄ + 1
   

𝓋1(𝑥, 𝑦, τ) =
ⅇ(𝑥+𝑦) √2⁄

2(ⅇ(𝑥+𝑦) √2⁄ + 1)
2

𝜏𝛾

𝛤(𝛾 + 1)
 

𝓋2(𝑥, 𝑦, τ) =
ⅇ(𝑥+𝑦) √2⁄ (ⅇ(𝑥+𝑦) √2⁄ − 1)

4(ⅇ(𝑥+𝑦) √2⁄ + 1)
3

𝜏2𝛾

𝛤(2𝛾 + 1)
 

𝓋3(𝑥, 𝑦, τ) =

ⅇ
(𝑥+𝑦)

√2 (𝛤(𝛾 + 1)2 (5ⅇ
(𝑥+𝑦)

√2 + ⅇ
3(𝑥+𝑦)

√2 − 7ⅇ√2(𝑥+𝑦) + 1) + 2𝛤(2𝛾 + 1) ⅇ
(𝑥+𝑦)

√2 (ⅇ
(𝑥+𝑦)

√2 − 2))

8𝛤(𝛾 + 1)2 (ⅇ
(𝑥+𝑦)

√2 + 1)

5  
𝜏3𝛾

𝛤(3𝛾 + 1)

 ⋮ (22)

 

  

Therefore, the  𝑚𝑡ℎ NDM- solution of Eq. (18) is: 

𝓋𝑖(𝑥, 𝑦, τ) =∑𝓋𝑗(𝑥, 𝑦, τ)

𝑚

𝑗=0

= 𝓋0(𝑥, 𝑦, τ) + 𝓋1(𝑥, 𝑦, τ) + 𝓋2(𝑥, 𝑦, τ) + ⋯+ 𝓋𝑚(𝑥, 𝑦, τ)  (23) 

It is worth mentioning that as 𝛾 = 1, the iterations in Eq. (22) are:  

𝓋0 =
1

ⅇ(𝑥+𝑦) √2⁄ + 1
,𝓋1 =

ⅇ(𝑥+𝑦) √2⁄

2(ⅇ(𝑥+𝑦) √2⁄ + 1)
2

τ

1!
, 𝓋2 =

ⅇ(𝑥+𝑦) √2⁄ (ⅇ(𝑥+𝑦) √2⁄ − 1)

2(ⅇ(𝑥+𝑦) √2⁄ + 1)
3

𝜏2

2!
,   

𝓋3 =
𝑒(𝑥+𝑦) √2⁄ (−4𝑒(𝑥+𝑦) √2⁄ + 𝑒√2(𝑥+𝑦) + 1)

8(𝑒(𝑥+𝑦) √2⁄ + 1)
4

𝜏3

3!
,⋯ (24) 

 

The components in (24) can be rewritten in closed form series as the classical Taylor series expansion at 𝜏 = 0 

of the function 𝓋(𝑥, 𝑦, 𝜏) = 1/(1 + 𝑒(𝑥+𝑦−𝜏/√2 )/√2) that meets the analytical solution considered by Tchier et al. 
[40]. 
For comparison purposes, the fourth approximation is taken into consideration. The known exact solution of 

the two-dimensional integer order Fisher equation Eq. (18) is 𝑣(𝑥, 𝑦, 𝜏) = (1 + 𝑒(𝑥+𝑦−𝜏 √2⁄ ) √2⁄ )
−1

 [40]. In (Table 1), 

the exact solution is compared to the fourth-order term NDM-solution. The results obtained are converging 
rapidly and achieving a considerably high level of accuracy compared to the numerical results data of 
Baranwal et al. [39] and Tchier et al.  [40]. Furthermore, for smaller time values, the NDM solution is more 

accurate than for larger values of 𝜏. In Figure 1, the graph of the exact solution at 𝛾 = 1 versus the fourth 

NDM-solution at 𝛾  = 0.1, 0.8, 1 is displayed for various values of time. The absolute error is illustrated (Figure 
2), proving the rapid convergence of the method, emphasising that the absolute error accumulates as NDM-

solution approaches the space values where 𝑥 = 𝑦  . 
 

Table 1. Comparison between the NDM-solution and the exact solution (𝑥 = 𝑦 = 0.5 ) 
 𝓿𝟐(𝒙, 𝒚, 𝛕)( 𝜸 = 𝟎. 𝟖) 𝓿𝟒(𝒙, 𝒚, 𝛕)( 𝜸 = 𝟏) 

τ 
NIM 
[39] 

RPSM 
[40] 

NTM NTM Exact Absolute Error 
Absolute Error 

[40] 

0.01 0.333229 0.333229 0.333229 0.331345 0.331345 1.33227× 10-15 7.56291 ´ 10-10 

0.05 0.341156 0.341156 0.341153 0.335791 0.335791 4.36773×10-12 9.588 ´ 10-8 

0.1 0.349387 0.349387 0.349375 0.34139 0.34139 1.44141×10-10 7.8041 ´ 10-7 

0.15 0.356899 0.356899 0.356866 0.347033 0.347033 1.12784×10-9 2.67873 ´ 10-6 

0.2 0.364004 0.364004 0.363938 0.352719 0.352719 4.89318×10-9 6.4552 ´ 10-6 
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Figure 1. The surface graph of the exact solution (19) when 𝜸 = 𝟏 compared to 𝓿𝟒(𝒙, 𝒚, 𝝉) for 𝜸 =

𝟎. 𝟏, 𝟎. 𝟖, 𝟏 at 𝝉 = 𝟎. 𝟐, 𝟐. 𝟓, 𝟓, 𝟏𝟎 (respectively). 
 

 
 
The illustrations in (Figure 1) indicate that as the time increases, the accuracy of the NDM-solution 
decreases, so more terms are needed to achieve higher agreement between the exact and the approximate 
one. 
In (Figure 2) the behavior of the absolute errors is plotted and compared over a range of time. The results 
obtained signify that the accuracy of the method decreases as the time value increases. However, the 
technique is promising, and the results have revealed and proved the reliability of solving the multi-
dimensional fractional reaction-diffusion equation in Caputo’s sense. 
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Figure 2. The 3D profile of the absolute error, at 𝝉 = 𝟎. 𝟐, 𝟐. 𝟓, 𝟓, 𝟏𝟎 (respectively) 

 
Conclusion 
The fractional NDM is successfully employed to numerically approximate the solution of the two-dimensional 
time-fractional Fisher equation, which has an undeniable role in scientific fields such as chemical kinetics 
and autocatalytic chemical reactions, etc. The series solution converges rapidly with a highly accurate 
approximation. Not only did the reliability and the applicability of the method demonstrated via Mathematica 
software-generated illustrations of the exact solution and numerical one with different fractional orders, but 
also a confirmation of its validity to be implemented for multi-dimensional fractional problems that appear in 
different branches of science. 
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