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Abstract

In this paper, (G'/G)- The expansion method has been applied to find the traveling wave solutions of
the Variant Boussinesq equation and Drinfeld-Sokolov equation. It has been shown that the
expansion method saves time and effort in obtaining explicit and accurate solutions, thus providing
insights into the dynamics of nonlinear systems. This method has the ability to simplify difficult and
complex equations. An effective approach for deriving explicit solutions, offering significant insights
into the dynamics of nonlinear systems. Furthermore, it highlights the method's ability to simplify
complex equations, establishing it as a valuable tool for both theoretical research and practical
applications.
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Introduction

The (G'/G) This method is a systematic analytical approach employed to represent the governing equations
of the problem. It relies on representing solutions as a function whose logarithmic derivative satisfies a
simple auxiliary equation, thereby reducing complex nonlinear problems to solvable forms. Owing to its
clarity and efficiency, this method has been successfully utilized in the analysis of various nonlinear models
[1-13].

Description of the (G'/G)- expansion method for NPDEs
In this section, we will explain the basic way of the (G'/G)- expansion method discussed in [14].
P(u,up, Uy, Usp , Uy, Uy o) =0 (21)
Where u = u(x, t) is an unknown function, P is a polynomial in u = u(x, t) and its
Various partial derivatives involve the highest order derivatives and nonlinear terms. Below, we outline the
key steps of the (G'/G)-expansion method:
Step 1. Suppose that

u(x,t)=u), ¢ =<(xt) (22)

The variable associated with a traveling wave (.22) allows us to reduce (.21) to an ODE for
u(é&) =u (¢) in the form:

Puu,u",..)=10 (.23)
Where ' = %
ag

Step 2. Assuming the solution described in Eq. (.23) can be represented using a polynomial in (G'/G) as

follows:
i

u(§) = Yioa () (:24)
While ¢ = G(§) satisfies the second-order linear differential equation expressed in the form:
G"(E)+AG'(E)+puGE)=0, (:25)

Where a;(i = 0,1, ...,n),A and u are constants to be determined later.

Step 3. The positive integer "n'" can be identified by analyzing the homogeneous balance between the highest
derivative term and the nonlinear terms presented in Eq. (.23) as outlined below:

If D[u(¢)] =n, then D [ur (Z%) ] = nr + s(q + n), Here, D represents the degree of the expression.

Step 4. We change Eq.(.2 4) into Eq.(.2 3) and apply Eq.(2.5), grouping all terms that share the same power
of (G'/G), and subsequently setting each coefficient of the resulting polynomial to zero, which produces a
system of algebraic equations for a; ,4,u,c and k.

Step 5. By solving the algebraic equations using Maple or Mathematica, we determine the values for
a;,A,u,cand k.

Step 6. Since the general solutions of Eq. (.25), let's be clear that it's known by the method of substitution.
The solution in every respect Eq. (.25) into Eq. (.24), we obtain the traveling wave solutions for the nonlinear
PDE (.21).
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Application of the method

Variant Boussinesq Equation [18]

emerges as a key framework for capturing the propagation of extended nonlinear waves in dispersive media,
integrating both nonlinear and dispersive contributions. Its formulation enables a detailed examination of
wave configurations, stability behavior, and interactions within fluid systems, while offering a computational
perspective that surpasses the fidelity of standard linear wave approaches.

Uy + auty + buPty + Cllyyy + dityyy = 0, (3.1.1)
Ve + (UV)y + Uy = 0, (3.1.2)
E=x—ct, (3.1.3)
—cu' +v' +uu' =0, (3.1.4)
—cv'+uw' +u'v+u'" =0, (3.1.5)

n =1,m = 2. Thus, we have
u@ =a+a (%), a #0, (3.1.6)

6"\2

v({)—a0+a1( )+a2 (?) , a, #0, (-3.17)

0
) :Cagpu — apaspt — by = 0,

R
QR

: Cayd — agag A — a?u — by A — 2byu = 0,

/N

S

N—
=

i —af)l+ Ca, — aga; — 2b,u — by = 0,

R
QR
&/N

w

_a% - 2b2 = 0,

(=]

t—a A2+ Chyu — aghyt — aybop — 2a,u% = 0, (3.1.8)
_a1/13 + Cbll‘{ + ZCbzl.l - aobll - Zaobzﬂ - albol - 2a1blu - 8(111,[1 = 0,

N

: 2Cb2/‘{ - ZaobZA - 2a1bll - 3a1b2# - 7a1).2 + Cb1 - aobl - albo - 8a1,u = 0,

w

_3a1b2/’{ + 2Cb2 - zaobz - 2a1b1 - 12a1}. = 0,

— — N N
[

IS

N N N S S
a2 a2 a2 0|20l

: _3a1b2 - 6a1 = O,
C = C, ao = ao, a, = 0, bo = bo, bl = O, b2 = 0, (3.1.9)
C = ao _/1, ao = ao, a]_ = 2, bo = _ZH, bl = _2/1, bz = _2, (3.1.10)
C = Ay + A, ag = Qg, a1 = _2, bo b —2[1, bl = _ZA, bz = _2, (3111)
u(®) =a,+2(%) (3.1.12)
G 6"\?
v(f):—zu—zx(c) 2( ) (3.1.13)
Where
£ =x— (ap + D, (3.1.14)
If M > 0, then
_ 1 Acosh(%\/ﬁf)+3 sinh(%x/ﬁf) 2
u($) —ao+2[ \/M(Asinh(lx/_f)Hi’COSh(%\/ﬁf) 2|’ (3.1.15)
_ Acosh( \/_f)+B smh( \/_f)
u(§) = a0+ \/_<Asmh( \/_§)+Bcosh( \/_é’) —4 (3.1.16)

P 1 Acosh(%\/ﬁf)+8 sinh(%\/ﬁf) A
v() =—-2u-24 [zm (A (V97 £) 5 cosn( L €)

p [1 N (A cosh(%\/ﬁ $)+B sinh(%\/ﬁ f)) 1]2,

2 Asinh(%\/ﬁ E)+B cosh@\/ﬁ f)

(3.1.17) 2

o(6) = ~zu+ £ - 4L e R ) @118
If M <0, then

) = aq + 2V ()

w(@) = ap +V-M ( :::?g?;::’gr ?) +1, (3.1.19)
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2
_ 1 —— (-4 cos(—\/; -M f)+B sin(%\/m f) 1 1 —— (-4 cos@m §)+B sin(—\/; -M f) 2
U(f) =—2u—22 [E —-M ( Asin(—\/; M §)+B cos@m {) T2 2 2 —-M Asin(%m §)+B cos(%m f) T2l

2
_ 2 =M —Acos(%\/mf)+3 sin(%mf)
v(§) =—2u+ 2 2 < Asin(%\/mf)+3 cos(%\/mf) ’ (3.1.20)
IfM =0,
w@® = ao +2[;75 -3, (3.1.21)
= 2B _
W@ =ao+ 54 (3.1.22)
B i B 112
o) =l -2 a2
2 2
v(E) =-2u+2 -2 (B:+A) , (3.1.24)
If M>0,
_ 1 Acosh(%\/ﬁ E)+B sinh(%\/ﬁ cf) 21
u(é) = ay—2 [Em<Asmh@m;)+3cosh(;m;) -2 (3.1.25)
2
P 1 Acosh(%\/ﬁ §)+B sinh@\/ﬁ f) A 1 Acosh(%\/ﬁf)+3 sinh(%\/ﬁ {) 2
v(§) =-2p—-22 [2 VM (A sinh(%\/ﬁ f)+B cosh(%\/ﬁ E) 2 2 2 M Asinh@\/ﬁ f)+B cosh(%\/ﬁ f) 2
(3.1.20)
If M =0,
i
u® = a2 [;75 -3, (3.1.27)
u(®) = a— 5o+ 4, (3.1.28)
B 1 B 172
v(§) =-2u—22 [B§+A_E] _2[B§+A_§] ’ (3.1.29)
2 2
v = -2u+5-2(555) > (3.1.30)
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Fig.3.1 plot(3.1.17) Fig. 3.1 plot (3.1.2)
ag=2,A=-3,u=-1,A=3,B=4,c=5 ag=2,A=-3,u=-1,A=3,B=4,c=5
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Fig.3.1 plot (3.1.18)

ay=2,A=-3,u=-1,A=3,B=4,c=5. ag=2,4
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Fig 3.1 plot (3.1.30)
ay=2,A=-3,u=-1,A=3,B=4,c=5.

The Drinfeld-Sokolov equation [19]
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The Drinfeld—-Sokolov equation plays a crucial role as it provides a geometric and algebraic framework for
integrable nonlinear systems, rooted in its deep connection with Lie algebras and Hamiltonian reduction.
From a physical perspective, it gives rise to fundamental integrable models like the KdV and mKdV
equations, which describe nonlinear dispersive wave behavior in fluids and plasmas. In essence, it serves
as a pivotal element in bridging geometric structures with physically significant nonlinear wave equations.

u + (), =0, (3.2.1)
Uy + AUy — 3bu, v — 3kuv’ =0, (3.2.2)
E=x—ct, (3.2.3)
—cu'+ (v?)' =0, (3.2.3)
cv' +av' = 3bu'v — 3kuv’ =0, (3.2.4)
cu+v?+k =0, (3.2.5)
ctv+acv” — b+ k)v3 +k, =0, (3.2.6)
m=1. Thus, we have
v(E) =ay+a (%) a, # 0, (3.2.7)

N
AN — 903k — 3 2 _
o) aa;cAu — 2agb — agk + agc® =0,

Copyright Author (s) 2026. Distributed under Creative Commons CC-BY 4.0
Received: 12-02-2026 - Accepted: 09-04-2026 - Published: 15-04-2026

894


https://doi.org/10.54361/ajmas.26941

Algalam Journal of Medical and Applied Sciences. 2026;9(4):891-896

1
(%) aa;cA? + 2aa cu — 6a3ab — 3aiak + a;c? =0,

N2
(%) :3aa,cA — 6aya?b — 3ayaik =0,

A3
(%) : —2a3b — adk + 2aa,c =0,

al |A2-4u A2—ap 1
=+= =+ =-a(A> -4
Qo =5 2ok =% ik | Y€ za(/1 )

W= 7mme h= 0,c=¢
_ L9 |22 -4p A2—4p G_’

v(§) =13 \/2b+k * (\/ 2b+k )a(c)’
If M>0,

) = aVM  [12-4p Acosh@\/ﬁf)+3 sinh(%\/ﬁf)
18D = T apeic \ wsimn(var £) 5 cosn(War£) )

&) = aVM [A2-4y Acosh@\/ﬁg’)+3 sinh(%ﬁ{)

v2(§) = 2 2b+k Asinh(%\/ﬁf)+3 cosh(%\/ﬁf) ’
IfM <0,

https:,

doi.orq/10.54361/ajmas.269416

2

v(§) = t 2 ok 2b+k

2

©) = av=l [17—ap [(—Acos(3v=H & )+B sin(;V=M £)
vi(§) = 2 2b+k Asin(%\/mf)+Bcos(%\/mf) ’

&) =-— av—M [AZ2-4p[—A cos(%\/mf)+3 sin(%m 5)
%) f - 2 2b+k Asin(%\/mf)+3 cos(%\/mf) ,
If M=0 ,

__aiA [A%-4pu A2—4pu [ B A
v (§) = 2\ 2ek a<\j 2b+k ) BE+a 2
v (f) __ aB A%2—ap
1 T BE+AN 2b+k
__al A%2—ap _ A2—4u [ B _1]
v2(§) = 2 | 2b+k a< 2b+k ) BE+A 217

v = aB  [A%2-4p
27 B&t+an 2b+k ’
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Fig. 3.2 plot (3.2.22) a=3,b=1k=21=4
,u=1A=04B=06c=18

arl [A%2-4p A2—au 1 —= ACOS(%\/W §)+B sin(
ta ( > [ M <A sin(l\/m E)+B cos(%m f)

(3.2.8)
(3.2.9)

(3.2.10)
(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2. 17)

(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)

Fig. 3.2plot(3.2.15) a=3,b=1k=2,
A=4,u=1,A=04,B=0.6,c =18
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Conclusion

In this work, we present new applications of the (G/G)- expansion method to construct a series of some
new traveling wave solutions for some nonlinear partial differential equations, via the Variant Boussinesq
equation and Drinfehd-Sokolov equation.

The performance of this method is found to be effective, powerful and reliable for solving the NPDEs. This
method has the advantages of being direct and concise. We also see that this method can be applied
widely to many other NPDEs in the mathematical physics and this will be done in a future work.
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